MATH 225
Module 2 Lecture b Course Slides

Coordinates With Respect to an Orthonormal Basis
Theorem 7.1.2

If B = {V,,...,V,} is an orthonormal basis for [, then the i-th coordinate of a vector X € R” with respect to B

is

]

It follows that X can be written as

¥ =GB+ e G T

Proof

The proof of this is similar to the proof that orthogonal sets are linearly independent, except that instead of looking
at a linear combination that is equal to the zero vector, we now look at a linear combination that is equal to X. Since
B is a basis for R", we know that there are scalars by, ..., b, such that

b|i}[ + -+ b,.i",, =X

Then, for every 1 < i < n, we can take the dot product of ¥; with both sides of this equation, getting

B1V) + 4 baV) - Vi =XV

(Biv1) - Vi+ =+ (Bavn) - Vi =XV

b1 - Vi) + - 4 BV - V) + e A bp(Va V) =XV
by (0) + -+ + b(INP) + - + b,(0) =X -V;

bi =Xx-v;

Coordinates With Respect to an Orthonormal Basis
Example

_4] with respect to the orthonormal basis B, = { [

4 N [N g

313 | |4/52

To find the coordinates of X = [

we calculate them individually.

n- 2] [ZW] I B )
B Sl B TV ) Y R RV
e Y v = R
7] a3zl vz vs2 V2

And so we see that [X] B = [_;;;5:

326 [ —1/4/3 5/T8
To find the coordinates of y = | 2 | with respect to the orthonormal basis B, = 4| 1/4/26 |.| —1//3 |.| =1/v/T8
3

4/4/26 V3] [ -2VT8

for [R3, we again calculate them individually.
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! 3/v26 3 2 12
b= 2| |1/yVB|="ot+—=+——==—"F<=
i ] s
3

1 [ 1 2
by = [2] UYSB|=-—F%——F%+t—F5=0
3] | yv3 V3

1 5/+/T8
b= 2| |-7ym|lo 6 15
2 || VB Ve Ve Vm
17//26
And so we see that 3]z = 0
—15/+/78

Coordinates With Respect to an Orthonormal Basis

Theorem 7.1.a

Iy
Let & and 3j be vectors in R", let B = {%y,...,%,} be an orthonormal basis for R", and let [Z]z = ! : ‘ and

U
Blg= | : | Then
Un

1.2y = [7]5 - []p and
2 ||zl = |l[]gll

In
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Proof
1. We see that
-y = (101 + -+ Tnln) - (Y101 + -+ + Yy Un)
=101+ (U1 + -+ + YpUn) + -+ + TnUn - (Y101 + - + YnTn)
= (z191) - (1101) + - -+ + (Z101) - (Ya¥n)
42+ 4+ (Taln) - (1101) + -+ + (Zn¥n) - (Yn¥n)
= 1y (V1 - U1) + - - + (219n) (V1 - Un) + 2291 (V2 - 01) + -+ - + Ty, (V2 - Un)
G p i zﬂyl(ﬁu : i’.l) +---+ znyn('?’n 2 an)
=Ty + ooy + o+ Tnky
since v; - v; = ||iz‘,-]|2 =12 =1and ;- o; =O0wheni+#j.
T Y%
Andsowe havethatZ-§ =21y, + Tayp +---+Zuy, = | 2 |- | 1 | =[Zlg- [Wls-

Iy Yn

Coordinates With Respect to an Orthonormal Basis

Proof

(2.) follows from (1), since IxII? =

X X
Fi=Fe-Fe=|: || : =00+ +23
X, X,

And so we have Ilxll = 4 /x} + - + x7 = ll[X] ll.
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