MATH 106
MODULE 5 LECTURE a COURSE SLIDES
(Last Updated: April 24, 2013)

Eigenvalues and Eigenvectors

Definition: Suppose that L : R” — R" is a linear mapping. A non-zero vector ¥ € R" such that L(¥) = A7 (for
some real number 1) is called an eigenvector of L, and the scalar 4 is called an eigenvalue of L. The pair 4, ¥ is
called an eigenpair.

Notes:

» L is a linear operator. This means that the standard matrix for L will be a square matrix.

» Eigenvectors must be non-zero. This is simply because we know L(a) =0 for any L, so there is nothing at all
special about the fact that there is some 1 € R such that L(ﬁ) = 0.

« While the vector 0 can not be an eigenvector, the real number 0 can be an eigenvalue, if we find a non-zero
vector ¥ such that L(¥) = 0 =07

Eigenvalues and Eigenvectors

Example
Leth = [(1) . and consider proj; : R? — R2. Then, given any vector m € R?, we see that

[ml]‘[l]
. meA ma 0 1 my |1 m
proj;(m) = = Fi0 [0] =T1 [0] = [ 01]

lI71*

We can see that proj;( [(1)]) = [é} , S0 [(1]] is an eigenvector of proj;, with corresponding eigenvalue 1.

In general, since proj;( [’g]) = [?S] for any m € R, the vectars [FS] (m # 0) are all eigenvectors of proj; with

corresponding eigenvalue 1.

Also, proj;( [ 0 ]) = [g] for allm € B, so the vectors [0 ] (m # 0) are also all eigenvectors of projz with
m n

corresponding eigenvalue 0.

Lastly, if the vectors m , with my, my # 0, then proj; ™ =™ as|™ +4 L for any 1 e B, we
ma ma 0 0 ma

see that {ml ] is not an eigenvector for proj;.
ma
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Eigenvalues and Eigenvectors

The textbook generalizes the previous example to proj; for any vector 7z € R™.

Example

The result in the general case is that proj:(si) = s, s0 the vectors sz (for s # 0) are all eigenvectors of proj; with
corresponding eigenvalue 1.

If # is orthogonal to 7, then proj=(s¥) = 6, so the vectors sV (for s # 0) are all eigenvectors of proj; with
corresponding eigenvalue 0.

Only vectors that are either multiples of 72 or orthogonal to 7 are eigenvectors of proj;.

Eigenvalues and Eigenvectors

Example
Let L : B° — R? be the linear mapping for a dilation by a factor of 3. That is, L is defined by L(¥) = 5%

Then every vector ¥ # 0 is an eigenvector of L, with corresponding eigenvalue 3.

Example
Consider Rg : B? — R?, where 8 is not an integer multiple of 7.
W is a scalar multiple of ¥ if and only if they point in the same direction or opposite direction, but a rotation by our

will not preserve direction.
Thus, we know that Ra(¥) # s¥ for any s € R, and so there are no eigenvectors of Rs.

Definition: Suppose that A is an n X n matrix. A non-zero vector ¥ € R” such that AV = 17 is called an
eigenvector of A, and the scalar A is called an eigenvalue of A. The pair 1, ¥ is called an eigenpair.
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Eigenvalues and Eigenvectors

Example
3 2
LetA_[l 4].

Then we see that
30201 _|13+2) _ |5 —5 1
1 4|1 |1+4|  |53] |1

is an eigenvector for A, with corresponding eigenvalue 3.

2 2][5] =[] - [ 2] =2 4]

lg] is an eigenvector for A, with corresponding eigenvalue 2.

s0 1
1
We also have that

50

Finally, we look at:

320121 _|6+2|_|8 2
{1 4“1]_ 2+4 _[6]#2[1]
s0 [ﬂ is not an eigenvector for A.
Eigenvalues and Eigenvectors
Example
3 0 0 0
-6 4 1 3
LetB = » 1 4 —1 . Then we look at
4 0 0 -3
3 0 0 0 1 3+0+0+0 3 1
-6 4 1 3 2 f_|-6+8-1-10)_|-9 £ 2
2 1 4 —-1j-1 24+2-4+2 2 1-1
4 0 0 -3]-2 4+0+0+6 10 -2
1
50 _21 is not an eigenvector for B.
-2
Mext we can look at
3 00 o01]o 0+0+0+0 0 0
-6 4 1 5 |1 _0+4+1+D_5_51
2 1 4 =11 |0+1+4+0]| |3] 7|1
4 0 0 -3]0 0+0+0+0 0 0

0
s0 i is an eigenvector for B, with corresponding eigenvalue 3.
0
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Eigenvalues and Eigenvectors

Example
3 0 0 0
-6 4 1 3
LetB = ? 1 4 1 . Then we look at
4 0 0 -3
3 0 0 0 0 0+0+0+0 0
-6 4 1 5 5 {_|0+20-5+0)_}| 15 -3
2 1 4 -1|-5 0+5-20+0 =15
4 0 0 3]0 0+0+0+0 0
0
50 _55 is an eigenvector for B, with corresponding eigenvalue 3.
0
Lastly, we'll look at
3 0 0 0 0 0+0+0+0 0
-6 4 1 5 §|—-6f (0-24+2+40| | 18 _ 3
2 1 4 -1 2| | 0-6+8-8 | | -6
4 0 0 3] 8 0+0+0-24 —-24

50

0
_26 is an eigenvector for B, with corresponding eigenvalue —3.
8§
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