MATH 106
MODULE 5 LECTURE ¢ COURSE SLIDES
(Last Updated: April 24, 2013)

Finding Eigenvectors

Now that we know that eigenvalues are the solutions to det(A — AT) = 0, we can fry to find the eigenvectors that
correspond to these eigenvalues.

These vectors are the non-trivial solutions to the homogeneous system (A — AI)7 = 0.

That is, the eigenvectors corresponding to the eigenvalue A are the vectors in the solution space of the
homogeneous system (A — AI)v = ﬁ, not including the zero vector.

Instead of looking for specific eigenvectors, it is easier to solve for the solution space and then remove the zero

vector.

Definition: Let A be an eigenvalue of an n x n matrix A. Then the set containing the zero vector and all
eigenvectors of A corresponding to A is called the eigenspace of A.

Finding Eigenvectors

Example
LletA = [:i' i] . as in the previous two lectures. We have seen that the eigenvalues of A are 1 = 2,3,

To find the eigenspace of 2 = 2, we need to find the general solution to the homogeneous system (A — 217 = {_j:
3 2 2 0 3-2 2 1 2
A_H_[l 4]_[0 2]_{ 1 4—2]‘[1 2]
1 2 o112
1 2|R—Ry 0 0

So, our system is equivalent to the equation vy + 2v, = 0, or vy = —2v,.
Replacing v, with the parameter s, we see that the general solution is

S v _ |25 _ |2 _ e -2
=[] = [T e{ 7]
Therefore, the eigenspace of A = 2 is Span{ [_12] }

Note that this is consistent with our original example which showed that 105 is an eigenvector of A with

eigenvalue 2.
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Finding Eigenvectors

Example
LletA = [? i] . as in the previous two lectures. We have seen that the eigenvalues of A are 1 = 2,3,

To find the eigenspace of 2 = 3, we need to find the general solution to (A — 31V = 0:
3 2 3 0 3-3 2 -2 2
‘4_5"‘[1 4]_{0 5}_ 1 4—5]_[1 —1]
2 2]-3R _[1 -1 14
1 -1 1 -1|R,-R, |0 o

So, our system is equivalent to the equation v; —v2 = 0, orvy = va.

Replacing vz with the parameter s, we see that the general solution is

SR HEEHEE R

Thus, the eigenspace correspondingto 4 = 3 is Span{ [ i] }

Notes:

» This is consistent with our original example which showed that [ 1

1

+ We looked at the matrix A — AI as we were finding the eigenvalues for A. So, instead of computing A — 27 and

} is an eigenvector of A, with eigenvalue 3.

A — 3I from scratch, we could instead plug our values for A into this matrix.

Finding Eigenvectors

Example
3 0 0 0
-6 4 1 3 . . . -
LetB = 7 1 4 1l as in the previous two lectures. The eigenvalues of B are 1 = 3, -3, 3.
4 0 0 -3
To find the eigenspaces of these eigenvalues, we need to look at the solutions to the homogeneous systems
(B— D7 = 0.

To do this, we will need to row reduce the coefficient matrices B — A1

When finding the eigenvalues of B, we saw that

3-41 0 0 0

-6 4-1 1 5

B-al=| , 1 4-1 -1

4 0 0 -3-41

So, to find the eigenspace of 1 = 3, we need to row reduce the matrix
3-3 0 0 0 o 0 0 0
| -6 4-3 1 3 |- 1 1 3
B=3l= 2 1 4-3 -1 | |2 1 1 -1
4 0 0 -3-3 4 0 0 -6
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Finding Eigenvectors

Example

Row reducing, we get the following:

0 0 0 07JR IR 4 0 0 -6]1R 1 0 0 -32
-6 1 1 5 -6 1 1 5 -6 1 1 5 |Ry+6R
2 1 1 -1 2 1 1 -1 12 11 -1 |Ri-2R
| 4 0 0 -6 0 0 0 0 0 00 0
1 0 0 —372] 1 0 0 -312 1 0 0 32 Ri+3Rs
01 1 -4 o1 1 -4 0 1 1 —4 | Ry+4R;s
01 1 2 |R—Ry 00 0 6 71333”000 1
0 0 0 0 | 000 0 00 0 0
[1 0 0 0
011 0
000 1
|0 0 0 0
Finding Eigenvectors
Example
0 0 0 0 1 000
-6 1 1 3 0110
B=3I=ly 11 2|70 o0 0 1
4 0 0 -6 0000
So our system is equivalent to
¥ 20
vy +3 =0
vy =0

If we replace vs with the parameter s, we see that the general solution is

~

0 0 0

- —s -1 -1

il I e B Span 1

0 0
0
Thus, the eigenspace of 1 = 3 is Span _11
0
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Finding Eigenvectors

Example
To find the eigenspace of 4 = —3, we need to row reduce the matrix
3+3 0 0 0 6 0 0 0
-6 4+3 1 3 -6 7 1 5
Br3l=1 ' 1 433 1 T2 17
4 0 0 —-3+3 4 0 0 0
Row reducing, we get the following:
(6 0 0 07iR: 1 00 0 100 0
-6 7 1 5 -6 7 1 5 |R+6Ry |0 7 1 5 |RIR: _
2 1 7 -1 2 1 7 —1|R—2R 01 7 -1
L4 0 0 0 4 0 0 0 |R—4rR, [0 O O O
[1 0 0 0O 1 0 0 0 1 00 0
01 7 -1 {0 1 7T -1 01 7 -1 |R-TRs
0 7 1 5 |Ri-TR; 00 —48 12|_Lp 7|0 0 1 -14
10 0 0 0 00 0 0 0 0 0 0
[1 0 0 0
01 0 34
00 1 -1/
10 0 0 0
Finding Eigenvectors
Example
6 0 0 0 1 0 0 0
-6 7 1 3 01 0 34
Br3l=1y 17 21|70 0o 1 ‘s
4 0 0 0 0 0 0 0
So our system is equivalent to
¥ =0

va+ 3wy =0
vi— (14w, =0

If we replace v4 with the parameter s, we see that the general solution is

0 0 0 0
- 3| |- | =y -3
Y= s | T s | TSP = Span
1
0

5

.

Thus, the eigenspace of 1 = —3 is Span 1
4
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Finding Eigenvectors

Example
To find the eigenspace of 2 = 3, we need to row reduce the matrix
3-5 0 0 0 -2 0 0 0
-6 4-35 1 3 -6 -1 1 3
B=3I=| 1 4-5 -1 | |2 1 -1 -1
- 0 0 -3-5 4 0 0 -8

Row reducing, we get the following:

(-2 0 0 O07]-fR [1 0 0 O

-6 -1 1 5 |- -1 1 5 |R+6Ry

2 1 -1 -1 2 1 -1 -1|R—-2R

4 0 0 -8 | 4 0 0 -8|R4—4Ry

(1 0 0 0 (1 0 0 0 1 0 0 0

0 -1 1 5 0 -1 1 5 o -1 1 5| R,
0 1 -1 -1|R:+R |0 0O 0 4 0 0 0 4f1p
0 0 0 -8 0 0 0 -8|R,+2R: |0 0 o0 0]*
(1 0 0 0 1 0 0 0

01 -1 -5|R,+5R; |0 1 -1 0

00 0 1 “lo 0o o0 1

(00 0 0 00 0 0

Finding Eigenvectors

Example
2 0 0 0 10 0 0
-6 -1 1 s 01 -1 0
B=>I=1, ¢ 1 Z1f{7lo o o 1
4 0 0 -8] loo o0 o

So our system is equivalent to

¥ =0
vo—w3 =0
vy =0

If we replace vs with the parameter s, we see that the general solution is

0 0 0
=3 i = Span
0

=
]
[T Y
(=T

0
Thus, the eigenspace of 1 = 3 is Span i
0
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