MATH 106
MODULE 2 LECTURE ¢ COURSE SLIDES
(Last Updated: April 17, 2013)

Gaussian Elimination

Definition: We say that two systems of equations are equivalent if they have the same solution set.

We want to make sure that whatever steps we take to solve a system, we end up with an equivalent system.

Gaussian Elimination
Solving Using Gaussian Elimination

Step 1: Multiply one equation by a non-zero constant.

Example
The following systems are equivalent:

3y —5xy + 2y + 224 = -3 3z — bxg + 29 + 224 = -3
2z +4dxy — bxy — 10zy = 14 T+ 220 — 3z —Bzy =T
—2xy — 13wy + dxwg +4xy =25 —2zy — 13z9 + dzg + 4oy = 25

since we get the system on the right from the system on the left by multiplying the second equation by 1/2.

51

Itis easy to see why this step results in an equivalent system, as we getthat | : | is a solution to the equation
8n

c[alml + -+ anxn) = cd if and only if it is also a solution to @121 + - - - + ann = d, since we can simply

multiply or divide by ¢.
We are simply replacing one equation with an equivalent equation, and thus not changing the overall solution set.
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Gaussian Elimination
Solving Using Gaussian Elimination
Step 2: Interchange two equations. (That is, switch the positions of two equations.)

Example
The following systems are equivalent:

3zy —5zg + 29 + 224 = -3 —2zy — 1329 + 43y + 424 =25
2z +4dxy — bxy — 10y = 14 2z + dxy — 6zg — 104 = 14
—2xy — 13wy + dug + 4y =25 3z — B9 + g + 224 = —3

since we get the system on the right from the system on the left by swapping the first and third equations.

It should be obvious why this step results in an equivalent system.

Gaussian Elimination
Solving Using Gaussian Elimination
Step 3: Add a multiple of one equation to another equation.

Example
The following systems are equivalent:

3z, —5xg + 22 + 224 = -3 3z —Bzy + 29 + 224 = -3
2z + dzy — Bzg — 10z, = 14 2z + 4z — Bzq — 102y = 14
—2zy — 132y + dzy + 4wy =25 —Ozy — 22y — By = 39

since we get the system on the right from the system on the left by adding the second equation to the third.

We only need to show that the smaller system composed of the two involved equations is equivalent to the one we
get by adding a multiple of one equation to the other.
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Gaussian Elimination

Solving Using Gaussian Elimination
Step 3: Add a multiple of one equation to another equation.

Suppose we have the system
System 1

AT + ATy 4+ ATy, =4
bizy +byxy +---+ bz, =5

If we multiply the first equation by the constant ¢ and then add it to the second equation, we get

System 2

171 + a2F + -+ Ty =@
(cay +by)zy + (can + by)xs +-- -+ (can + b,)z, =ca+ b

Our goal is to see that both of the above systems have the same solution set.

Gaussian Elimination

Solving Using Gaussian Elimination

Step 3: Add a multiple of one equation to another equation.

System 1 System 2
a1 +aa%s + -+ Aplp =20 A1Ty + a3z + -+ UpTn =4
bizy +bazn + o+ ban =b  (ca1 +bi)Ts + (co2 +ba)Tn + oo+ (Cn + ba)Tn = ca+ b

We will first show that any solution of System 1 is also a solution of System 2 and then that any solution of System
2 is also a solution of System 1.
Ll
Assume 7 = : is a solution to System 1.
&n
Plugging ¥ into the equations gives

18] + @Sy + -+ QpS, =
bisy +bosa+---+ bpsa =0

Multiplying the first equation by ¢ gives
Cy§) + CAafy + - + Chp S, = CO
Adding this result to the second equation gives
a8 + cassy + -+ +ca,s, +b18; +byso +---+ b8, =catb
Rearranging this gives
(cay +b1)s: + (cas +ba)ss + -+ -+ (can + bu)sn=ca+b

Thus, Z is a solution to System 2.
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Gaussian Elimination

Solving Using Gaussian Elimination

Step 3: Add a multiple of one equation to another equation.

System 1 System 2
Q1T +daTa + -+ Apln = QG QT + 3%z + -+ 0plp = G
bixy +baZa + o+ bz, =5 (cay +by)zy + (cas +ba)zs + -+« + (cap + by )z, =ca+b

We will first show that any solution of System 1 is also a solution of System 2 and then that any solution of System
2 is also a solution of System 1.

t1
Assumet = | : | is a solution to System 2.

tn

Plugging t into the equations of System 2 gives

arti +asta+ -+ antn =a
(car +ba)ts + (car + ba)ta 4+ -+ (con + bn)tn = ca+ b

Multiplying the first equation by ¢ gives
caity + casts + -+ + canty, = ca
Subtracting this result from the second question gives
bity + bata +- -+ + bt = b

Thus # is a solution of System 1.

Note: The third step is known as the elimination method as we want to eliminate as many variables as possible
from each equation.

Gaussian Elimination

Example

Find the solution set for the following system of equations
& + 2y — x3 = —4

-y + 3$2 + 4:33 = 11

22y, + Bxy + 3z = 3

Solution

Qur first goal will be to eliminate the variable z, from two of the three equations.
We can eliminate @, from the second equation by adding the first equation to the second equation, giving us the
equivalent system

1 + 2z — x = —4
5$2 + 3$3 = 7
229y + Baxs + x = 3
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Gaussian Elimination

Example

Find the solution set for the following system of equations

T+ 2z — xy = —4 T+ 2z — 3 = —4
—x; + 3z, + 4x; = 11 whichis equivalent to by + 3xz3 = T
2z, + bz + T = 3 2z, + Bmy + =zZ = 3
Solution

We can remove the variable z, from the third equation by adding —2 times the first equation to the third equation.
This calculation can be written as

—2zy + 2z — =z = —4)
-2y — dmy + 23y = 8
+ 2z 4+ Bxs 4+ zy =
Ta - 31‘3 = 11
So our new system is
x1 4+ 2xa — xa = —4
Bz L+ 33 = 7
€Ty T 3233 = 11

Gaussian Elimination

Example

Find the solution set for the following system of equations

T + 2z — ®; = —4 T + 2z — 3 = —4
—x; + 3z, + 4x; = 11 whichis equivalent to bes + 3x; = T
2$1 + 5232 - Ty = 3 Ta + 33’3 = 11
Solution

Our second goal is to remove the &5 variable from one of the equations that already has the &; variable removed,
leaving only the x3 variable.

We add —5 times the third equation to the second equation.

The calculation is

—bxs — 1bxza = =55
+ Hao 4+ 3z = 7
— 1223 = 48
So our new system is
g + 2y — =z = -4
— 12z3 = —48
ras + 3.‘53 = 11
2
By back-substitution, as shown in a previous lecture, we get that the general solution is the single vector | —1
4
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Gaussian Elimination

Example

Find the solution set for the system
r1 4+ 2x2 — 2x2 + dzy = 13
22 + 4wy — dzy + 8zy = 26
22 + 4dmy — 3my + Bxy = 18

Solution

To eliminate z; from two of the equations we add —2 times the first equation to each of the second and third equations.

The calculations are

-z + 22 — 2z + 4z, = 13) -z + 22 — 22y + 4z, = 13)
-2z — dx: + 4dx; — Bxy = 26 —2r; - 4dr; + 4dx; — Bry = -26
+ 21 + dzs — dxy; + Bry = 26 + 2z + 4z — 33 + Hry = 18
0 = 0 Ia - 3:34 = —8
Thus, our new system is
o+ 2ms — 22y + dzy = 13
0 = 0
Iz - 31}4 = -5

By back-substitution, as demonstrated in the previous lecture, we get that the general solution is

Ty -3 -2 2

Tl _ | 0| 1 0 _
z| ~ | -8 s +t L steR
Ty 0 0 1

Gaussian Elimination

Example

Find the general solution to the system
3zy + bBxy + 3 = -8

4+ oy - 2y = -2

—&y + 2$2 + T:Es = i

Solution

The first thing we want to do is eliminate z; from two of our equations.
We can interchange the first and second equation to get the equivalent system

r + x2 - xy = =2
3z, + Hx; + =xy = -8
—x1 + 2my + Txzz = T

Now we can add —3 times the first equation to the second equation, and add the first equation to the third
equation, giving us the equivalent system

T + ® — xy = =2
2re + dxs = -2
3zy + Bzy = 5
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Gaussian Elimination

Example

Find the general solution to the system

3ry + 52 + T3 = -8 T+ T2
z + ® — 23 = —2 whichisequivalentto 2z
—&y =+ 2;1‘2 =+ 71233 = i 3;1,‘2
Solution

+
+

T3
4&:3
6&:3

-2
-2

We see now that o will be a leading variable, so now our goal is to eliminate z, from either the second or third

equation.

Notice that all the coefficients in the second equation are a multiple of 2, so we can easily multiply equation two by

1/2 to get the system

7 + ® - ®xz = =2
zy + 2z, = -1
320 4+ 6Bxs = 5
Now we can add —3 times eqguation two to equation three, getting
x 4+ x2 — w3 = =2
x2 + 2xa = -1
0 = 8

Since 0 = 8is a contradiction, we see that our system has no solutions.
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