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Matrix Multiplication

What really separates matrices from R" is the fact that we define multiplication of matrices.
But note that matrix multiplication is not defined entrywise.
The inspiration for matrix multiplication comes from systems of linear equations.

Matrix Multiplication

Consider the following system:

x1 — 3x + xx = 2
2xy + 2x3 = 0
—X1 + x = =2
-2x; + 4x; — 3Ixz = -7
The coefficient matrix for this system is
1 -3 5
2 0 2
-1 0 1
-2 4 =3
Matrix multiplication is defined in such a way that we may rewrite our system using a product of matrices:
1 -3 5 2
2 0 20™] Jo
-1 0 1 ':2 I )
-2 4 -3]" -7
2
x1 0
Note: Although we normally think 0f[x1 ] and 5 as vectors, we can also think of themas 3 x 1and4 x 1
X3 7
matrices respectively.
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Matrix Multiplication

Consider the following system:

x1 — 3x + xx = 2

2xy + 2x3 = 0

—X1 + x = -2

-2x; + 4x — 3xz = -7

Matrix multiplication is defined in such a way that we may rewrite our system using a product of matrices:

1 -3 5 2
2 0 2™ Jo
-1 0 1[®|7[=2
-2 4 -3]" -7

Let's now see how we get from the matrix product to our system of equations.

First, the coefficients in each row of the coefficient matrix need to get matched up with the variables in the column
of the second matrix.

Thinking of the rows of the coefficient matrix as vectors, we see that

1 X1 2 X1
|:—3:|-|:x2]=x1—3x3+5x3 |:0:|A|:x3:|=2xl+2x3

3 X3 2 X3

—1 X1 —2 X1
|:0:|'|:IZ:|=—XI+X3 |:4:|-|:x1]=—2x1+4x2—3x3

1 X3 -3 X3

These four expressions make up the left hand side of the equations in our system!

Matrix Multiplication

1 -3 53
_ 2 0 2 |I™
Thus, we want the matrix product 1 o 1 |:x2 ] fo be
-2 4 -3]*
T 1]
21
5 X3
2 x1
|:0:|'|:x1:| x1 — 3x2 + Sx3
2 x3 _ le + Q.XE
-1 P —x; + X3
0 || x —2x1 + 4xp — 3x3
I
-2 X
HiH
[L-3] Lxa ]l

The crucial idea here is that we take the dot product of a row with a column.
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Matrix Multiplication

4T >T
Definition: Let B be an m X n matrix with rows b, . ... . b,,, and let A be an n X p matrix with columns F; TH
Then we define the matrix product BA to be the matrix whose #j-th entry is (BA)Q- = 35 . Zi_r-.

That is,
s 7T
by

o T
by

BA =

Notes:

* We will end up taking the dot product of every row of B with every column of A.

by - ay

52-31

by -
52-

Tl
(]

£
(]

[~
(3]

by -
32'

o

o
i

ap.

* Every possible row-column combination will occur, and when we take the dot product of the i-th row of B with the

Jj-th column of A, we end up with the §j-th entry of BA.

Matrix Multiplication

Example
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Matrix Multiplication

Example

_15;1,[2 -1 3 7}2
w eeelilEE O el

Matrix Multiplication

Example
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Matrix Multiplication

Example

Matrix Multiplication

Notes on Matrix Multiplication

+ In order to calculate the product BA, we need A and B to have compatible sizes. That is, the number of columns
in B must be the same as the number of rows in A.
e If Bis an m X n matrix, and A is an n X p matrix, then BA will be an m X p matrix.

oo o s o JEEL BEEL BG) B
RENGEICIENEL

35 =32 33 2]

9 -8 7 2||-1 4
left is not the same as the number of rows in the matrix on the right.

But the product [ 10 -5 6] [ 2 J] does not exist, because the number of columns in the matrix on the
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Matrix Multiplication

Notes on Matrix Multiplication

» In order to calculate the product BA, we need A and B to have compatible sizes. That is, the number of columns
in B must be the same as the number of rows in A.
e |f B is an m X n matrix, and A is an n X p matrix, then BA will be an m X p matrix.

Example
2
[1 -1 5][-3|=1D@ +(1)=3)+E)(-8)] = [-35]

-8

2 @ @D @0 2 -2 10
3 (1 -1 5]=[{E=3)M) 3D 3G [=[-3 3 -15
-8 &)1 8D 8] L-8 8 -0

However,

Matrix Multiplication

More Notes

Matrix multiplication is not commutativel That is, we do not always have that AB = BA.

The first example demonstrates that BA may not even be defined, even if AB is defined.

The second example demonstrates that even if both AB and BA are defined, they may not be the same size, let
alone equal.

In any case (and even when BA and AB both exist and are the same size), there is no guarentee that AB = BA.

Example

[3 0”1 4]_[(3)(1)+(0)(—1) (3)(4) + (0)(—4) _{3 12]
2 0f[-1 4] [OW+O)-1) @Q@d+O-4] [2 8

But we see that

[1 4”3 0}_[ (13 + HQ) (1)(0) + (4)(0) _[11 0]#[3 12]
-1 =412 0] |-DE)+(H2) DO +(-H0oy]  [-11 0 2 8
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