MATH 106
MODULE 1 LECTURE o COURSE SLIDES
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Minimum Distance

Definition: The distance from the linex = p + td to the point  is the minimum distance from the point  to any
point on the line, which equals IlperpaP_‘QII_

p+id

Let R be the point on the line ¥ = p + td that is closest to the point 0.
Then

7 = p + proj;PQ = § — perp;PQ

The result generalizes to R™.

Minimum Distance

Example

0 3
Find the point on the line x = [ 2 }+ s[ 0 ] that is closest to the point Q(1, 2, 1), and calculate the distance from
-2 -3

O to the line.

Solution

First we note that P is (0,2, —2), and then we calculate that
B 1 0 1
PO=5-p=(2|-121=|0
1 -2 3

d-PQ = (3)(1)+ 0)0) + (-3)3) = -6
I = (32 + (02 + (—3)F = 18

Next, to find proj;fQ, we calculate

This means that

Page 1 of 5
© University of Waterloo and others




MATH 106
MODULE 1 LECTURE o COURSE SLIDES
(Last Updated: April 24, 2013)

Minimum Distance

Example

0 3

Find the point on the line X = [ 2 }+ s[ 0 ] that is closest to the point Q(1, 2, 1), and calculate the distance from
-2 -3

@ to the line.

Solution

Continuing on, we get

L _ 1 -1 2
perp;PQ=PQ—pwj;PQ=[0] {0] [0}
3 1 2

8

So the distance from ( to the line is IlperpaP_QII =22 +07+2° =8 =242.

Minimum Distance

We can also look for the minimum distance from a point to a plane in R

We already know of one vector that is perpendicular to our plane: the normal vector.

So in this case we can compute the distance by looking at the projection of P_Q onto the normal vector A

We can also use proj;P_:Q to find the point R on the plane closest to (), although because our vector pronP_'Q points

out from the plane, we will need to multiply it by —1 to reverse its direction.
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Minimum Distance

distance from @
to the plane

ax;+bx,tex; =d

We see that
7 = § - projzPQ = p + perp; PQ
and the distance from ( to the plane is
liproj= POl
The text writes OR = 0Q + proj;éP; while | use the equation ¥ = § — proj;P_‘Q_
Since proj; QP = projz(—PQ) = —proj;PQ (by the linearity properties of proj), the two equations really are the
same.

Minimum Distance

Example

Find the distance from the point Q(1, 2, 1) to the plane 2x; + 3x; — x3 = 4, and find the point R on the plane
closestto Q.

Solution

To do this, we first want to find a point P on the plane.
lfwesetxy =x3 =0 wegetldxy; =4 =x =2

So we see that P(2,0,0) is a point on our plane.

- 1 2 -1
Thisgivesus PO =2 (-0 |={ 2 |
1 0 1

2
We can read off from the equation that 1 = { 3 }
-1
The next step is to find proj,—aP_;Q; which we begin by calculating
7 PO =(2)(-1)+ @)+ (-1 =3
IRIF =27 + 3% +(-1)* = 14
So

—

. 614
. R-PQ. 3.
proj-PQ = = ZQ A== o4
~3/14
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Minimum Distance

Example

Find the distance from the point Q(1, 2, 1) to the plane 2x; + 3x; — x3 = 4, and find the point R on the plane
closestto Q.

Solution

Thus, the distance from ( to the plane is

liprojz POIl = \/ (6/14) + (9/14)% + (=3/14)? = \/(1263142) = /(9714) = \/%

Now, to find the point R, we simply compute
R 1 6/14 477
F=g-—projPO=|2|—| 914 |=|19/14
1 —3/14 17/14
So the point on the plane closest to @ is R(4/7,19/14, 17/14).

Minimum Distance

Example

Find the point on the hyperplane x; + x; — x3 — x, = 2 that is closest to the point ((0,0,0,0), and calculate the
distance from @ to the hyperplane.

Solution

First, we need to find a point P on the hyperplane.

By inspection, we noticethat 1 + 1 — 0 -0 =2, s0(1,1,0,0) is a point on the hyperplane.
-1

-1

o |

0

1

1
—1
-1

And since @ is (0,0,0, 0), we have that PQ = -p=

From the equation of our hyperplane, we read off i =

Thus,
i - PQ = (1)(=1) + (1)(=1) + (~1)(0) + (~1)(0) = -2
Next, we compute

P =12+ 12 + (-1 +(-1)* =4
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Minimum Distance

Example

Find the point on the hyperplane x; + x; — x3 — x4 = 2 that is closest to the point (0,0, 0,0), and calculate the
distance from @ to the hyperplane.

Solution
N —1/2
.5 i-PQ - -1/2
So projzPQ = n=(-2/4n= i
el IR 12
12
0 -1/2 12
i g .ot 0 —1/2 12 : .
As such, the point on the hyperplane closestto Q is g — projzPQ = ol w2 |5 2in ) or in point form
0 12 =12

(1/2,1/2,-1/2, -1/2).
And the distance from Q to the hyperplane is |Iproj;‘P_’QII = \/(—l;"ﬁ)z + (=127 + (112)* + (112)* = 1.
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