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Projections and Perpendiculars

A common thing to look for is the distance from a point to a line.
That is, to look for the shortest distance from our starting point to a point on the line.

Projections and Perpendiculars

distance from
Qtol

A commeon thing to look for is the distance from a point to a line.
That is, to look for the shortest distance from our starting point to a point on the line.

We assume that you know that we find the minimum distance by looking at the connecting segment that is

perpendicular to our line.
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=1

Proj:(¥)

Definition: The part of ¥ that is in the direction of Z will be called the projection of ¥ onto Z, and is denoted by
projz(7)-

Notice projz(¥) will be in the same direction as #, and thus will be a scalar multiple of Z.
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Definition: The part of ¥ that is in the direction of Z will be called the projection of ¥ onto Z, and is denoted by
projz(¥)-

Notice projz(¥) will be in the same direction as #, and thus will be a scalar multiple of Z.
Let k be the scalar, so that projz(y) = kZ.
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=1

Proj(¥)=ki

Definition: The part of ¥ that is in the direction of Z will be called the projection of ¥ onto Z, and is denoted by

projz(y)-

Notice projz(¥) will be in the same direction as #, and thus will be a scalar multiple of Z.
Let k be the scalar, so that projz(y) = kZ.

Now, let Z be such that ¥ + Z = projz ().

Then Z is orthogonal to Z.

Putting these facts together, we have that kT = 4 +

=1

Projections and Perpendiculars

=1

proj.(¥)=id
Putting these facts together, we have that kT = §j + Z.
We can take the dot product of both sides getting that Z - (kZ) =7 - (§+ Z) = k(Z-3) = -y +F-Z.
But since Z is orthogonal to Z, we have T - Z = 0.

And therefore we get thatk = (Z - 4)/(Z - Z).

This gives us that
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Example
1 0
letZ=| 2 | andlety= | 3.
-1 4
Then

z-y=y-2=(1)0)+(2B)+(-14) =2
|1Z]|* = 12 +22 + (-1)* = 6
FP=0"+3"+47=2
)

5
1/3
F=(1/3)F = { 2/3
-1/3
0

projz% = (2/25)J = | 6/25
8/25

projzi = (2/6

Projections and Perpendiculars

Definition: For any vectors #, 7 € R™, with Z + 0, we define the projection of § perpendicular to Z to be

perp;y = § — proj;y

y

perp(y)

=l

proj.(¥)=ix
We see we can split a vector 3 into its portion in the direction of Z and its portion perpendicular to Z, since

¥ = perpzy + projzy.
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Example
1 0
letZ=| 2 | andlety = |3
-1 4
1/3 0
Then in the previous example, we calculated that proj;ij = | 2/3 | and proj; = | 6/25
~1/3 8/25
So now we get that
o] [1/3 ~1/3
perp;y = i — projzij = l3 —12/3 ] = [ 7/3 l
4] |-1/3 11/3
and
17 [0 1
perp;@ = & — proj;T = [ 2 |- 5!25:| = [ 44/25 l
-1] |82 —33/25

Linearity Properties of Projections

L1. projz(¥ + Z) = projzy + projzZ and perpz(¥ + Z) = perpzy + perpzZ forall ,4,Z € B
L2. projz(¢¥) = ¢ proj;7 and perpz(¢J) = t perpzy forall Z, 7= R andt € &

Proof of L2

letzZ,y € R"andt € B
ty) - & ty- ¥ J- T

Then projz(tJ) = (¢9) 5 F= g 2) F—tY ;t; Z = t projz (), as desired.
B 2| [[2]

And this means that perp; (ty) = t§ — projz(t¥) = t§ — ¢ projz (¥) = +(¥ — projz(¥)) = t perpz¥, as desired. O
The proof of L1 is similar.
Note

* projz(projz(y)) = projz(¥) forall Z,§ € "

» perpz(perpz(¥)) = perpz(y) forall #,§ € B"

» If § is a scalar multiple of Z, then projz(¥) = ¥ (and thus perpz(7) = 0).
s If § is orthogonal to Z, then perpz(¥) = ¥ (and thus projz(F) = 0).
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