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Subspaces

Definition: A subset 5 of B" is called a subspace of E" if the following conditions hold:

0. S'is non-empty
1. Sis closed under addition (thatis, for Z,J € Swehave T + § = 5)
2. Sis closed under scalar multiplication (thatis, for t € E and £ € S, we have tZ € 5)

It is quick to show that {ﬁ} is always a subspace of ", and B" is always a subspace of E".
With the exception of the set {'o’} subspaces will always contain an infinite number of elements. As such, we can't

describe S with a list of elements.

Subspaces

Example 1

Consider the subset §; = {6, €1, 6 of B2
Then S; is non-empty (and even contains 6).

But 5 is not closed under addition, as e; + &5 = |:i] but [” & 5.

) o — 2 2
51 is also not closed under scalar multiplication, as 2e; = ol but 0 £ 5.
S0 5; is not a subspace of B2

Example 2

Consider the subset 5> = { [ﬁl} 2 = 1} of B2
2

Then 0 # S, s0 S, is not a subspace of EZ.
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Subspaces

Example 3

&1
Consider the subset 53 = |:$2:| | @120 — 23 = 0}-
4
i}

2 2
Then [3} £S5 as (2)(3) —6=0, but2{3] = [ ] £S5 as (4)(6) —12=12£0
6 6 1
So S; is not a subspace of ES
Example 4
Consider the subset .5y = { [ﬁl} By, Ly = 0} of B2
2
-1 -1 1
Then {_1} € 54, but (—1){_1} = L] £ Si.

So S, is not a subspace of B°.

Subspaces

Example 5

Consider the subset Sz = { [ﬁl} 1= 0} of B2,
2
0 .
Then [0} £ 55, s0 S5 is non-empty.

letz = [il} and §j = [gl} be elements of S;. Then @y = y; = 0.
2

LletZ=2Z+79

ml+y1]_[0+0]_{ 0 }
T2+ 1Yy Ty + Us To+Us |

Since z; = 0 we see that Z € S5, and thus 55 is closed under addition.

Then Z =

Finally, let Z = [ :| £ 5, andt £ B, andlet Z = ¢Z.
tay 5(0}

Ty
Tz
|0
ta txEs tzs |

Since z; = 0 we have that Z £ Ss, and thus S5 is closed under scalar multiplication.

Then Z = [

And as 5; is non-empty, closed under addition, and closed under scalar multiplication, we have that S; is a
subspace of 2.
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Subspaces

Example 6

&1
Consider the subset S5 = { {xz] T3 =T +$2} of BS.
T3

Then 0 Ss since 0 = 0+ 0. S0 .53 is non-empty.

Next, suppose that Z,7 € S;. Then we have 23 = @; + Ty and y; = ¥, + Us-

SoletZ=Z+17.

Then z; = &1 + Uy, 2 =2y + Uy, and

=ty =@ tn)tmtw)=E@tn)+t@tn)=a+2n

So we have Z € S;, and thus that S; is closed under addition.

Finally, let Z € 85, t € E, and let Z = ¢Z.

Then z; = try, 2o = tx2, and z3 = tr3 = t(;cl +2o) =txy +trr = 21 + 2.

Sowe see that Z £ S5, and thus that Sg is closed under scalar multiplication.

As we have shown that S5 is non-empty, closed under addition, and closed under scalar multiplication, we have

that S is a subspace of B
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