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The Scalar Equation of a Hyperplane

We will develop the general scalar equation of a hyperplane by first focusing on the equation of a hyperplane in R3.
Remember a hyperplane in B3 is the same as a plane.
Previously we saw the vector equation of a plane in R® is = p + £,0; + £2Ts, where B, Ty, and Ty are all fixed
vectors, and as we vary the scalars ¢; and t; we get all the vectors Z on the plane.
But it happens that we can also get a scalar equation for a plane, of the form az; + bxs + ex3 = d, where

Iy
a,b,c,d € R, and the vector T = | x5 | is on the plane if and only if z;, 5, and x5 satisfy the equation.

I3
Since a hyperplane is one dimension smaller than the space it lives in, instead of listing the n — 1 directions that
are in the hyperplane, we look at the one direction that is not in the hyperplane.
Soin R3, instead of describing a plane using the two direction vectors 7; and v, that are in the plane, we are going
to look for a third vector 7 that is not in the plane.
The vector we are looking for is called the normal vector for the plane, and it has the property that it is orthogonal to

any directed line segment in the plane.
_>
So, if ¥ is on the plane T = P + t;7; + t»T5, then the directed line segment PX = £ — p is in the plane, and so

we want to satisify i - (p — Z) = 0.
This means that n, (2, — py) + na(z2 — Do) + na(xz3 — p3) = 0, or that

4Ty + NgTy + N3Ty = TPy + NgP2 + NP3
This means that, in our general scalar equation of a plane (az; + bxy + cxy = d), we have a = n;, b =ny,

c=mnz andd="1i-p.

The Scalar Equation of a Hyperplane

Example

Find the scalar equation of the plane in R? that passes through the point P(—3, 2, 7) and has normal vector

-

Solution

First we compute 7t - p = (3)(=3) + (2)(2) + (1)(7) = 2.
Then the equation is 3x; + 2x; + x3 = 2.
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The Scalar Equation of a Hyperplane

Definition: Two planes in R? are defined to be parallel if the normal vector to one plane is a non-zero scalar
multiple of the normal vector of the other plane.

Example

3 9
The plane 3x; + 2x5 + x3 = 2 is parallel to the plane 9x; + 6x; + 3x3 = -5, (because 3[2} = [6]}.
1 3

3 3
However, the plane 3x; + 2x2 + x3 = 2 is not parallel to 3x; + 2x; — x3 = 7 (since [2] # r[ 2 }for any t € R).
1 -1

The Scalar Equation of a Hyperplane

Example

Consider the planes A = 3x; + 2x; + x3 =2 and B = 9x; + 6x; + 3x; = 5.

We saw in the previous example that they are parallel.

They are not the same plane, as (0, 1, 0) is on plane A (since 3(0) + 2(1) + 1(0) = 2), but it is not on plane B
(since 9(0) + 6(1) + 3(0) = 6 # -35).

So, let (a, b, ¢) be a generic point on A.

Then we have 3a + 2b + ¢ = 2, which means that 9a + 6b + 3¢ = 3(3a + 2b+ ¢) = 3(2) = 6 # -5, 50 (a, b, c) is
not on B.

Similarly, if we look at a generic point (a’, &', ¢/) on B, then it satisfies 9a' + 6b' + 3¢’ = —5.

But this means that 3@’ +2b" + ¢’ = (1/3)(9d’ + 6b" + 3c’) = (1/3)(=5) = =5/3 # 2,s0(a’,b’,c’) is not on A.

As such, we see that A and B do not have any points in common.
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The Scalar Equation of a Hyperplane

Definition: We say that two planes are orthogonal to each other if their normal vectors are orthogonal to each
other.

Example
Consider the planes 3x; + 2x; + x3 = 2 and —2x; + 4x; — 2x3 = 3.

3 -2
They are orthogonal, because [2] . [ 4 ] =(3)-2)+ (2)4) + (1)(-2) = 0.
1 =2

The Scalar Equation of a Hyperplane

Let A be a hyperplane in E" that contains the point 7, and let 7 be a vector that is orthogonal to every directed line
segment in A
Then the scalar equation for 4 is

MyTy 4+ MaTy + -+ M Ty = T

Example

Find the scalar equation of the hyperplane in E® that has normal vector and passes through the point

[= I S TR

P(—1,1,4,2,—4).
Solution

Firstwe compute - 5 = (1)(—1) + (2)(1) + (3)(4) + (4)(2) + (5)(—4) = 1.
Then the equation for the hyperplane is &; + 225 + 323 + 423 + 525 = 1.
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