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Complex Subspaces

Definition: Suppose that W is a vector space over C, and that U is a subset of V. If U is a vector space over C
using the same definition of addition and scalar multiplication as V, then U is called a subspace of V.

As we found in R, any subset (but not necessarily a vector space) W of a vector space V, we will automatically
satisfy properties V2, V5, V7, V8, V8, and V10.

So, if we want to prove that W is itself a vector space, we only need to look at properties V1, V4, V5, and V6.
We can easily use the same proof as in R, to show that Ov = 0 and (—1)v = —v in C as well.

This means that properties V4 and V5 will follow from property V6 (closure under scalar multiplication). And so, as
before, we get the following alternate definition of a subspace.

Definition: Suppose that W is a vector space over C. Then U is a subspace of V if is satisfies the following three
properties:

S0: U is a non-empty subset of V

S1:w+z € Uforallw,z € U (Uis closed under addition)

§2: 0z € Uforallz € U and @ € C (U is closed under scalar multiplication)

Complex Subspaces

Example

Show that the set U = { [?j] lz e C} is a subspace of C2.

We need to verify the three defining properties.

S0: We note that [ 2;] € C? forallz € C, so U is a subset of C2. To see that it is non-empty, we note that

200) =0, so [g] cu.

S1: Let W, Z € U. Then we have that w = [2$] and? = [2?] for some w,z € C.

- s | w z
Bai= [ZW] + [ZZ]

— w+z
2w+ 2z

- w+z
20w+ 2)

and sincew +z € C,weseethatw +Z € L.
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Complex Subspaces
Example

S2: letZelUsoZ= [ Z],andaEC.

2z

z
2z

- [a@f)]

) [%aﬂ

and since az € C, we see that aZ € L.

a'z'=a[

Complex Subspaces

Example
Let C(2, 2) be the set of all 2 x 2 matrices with entries from the complex numbers, and let

A= { [;1 iz} lz1,2; € C}.Then./lisasubspaeeof C(2,2).
1 2

To prove this, we check the three properties:

so: [;1 ;2] € C(2,2) forall z1, 2> € C, so A is a subset of C(2,2).
1 2

00

To see that A is non-empty, we can set z; = z; = 0, and see that [0 0

S1:LetA,B € A,sayA = @1 41| JndB = by by .
a, a; by by

a;  dp b, b; ar+b, ax+bs
A+B= =
+ [(11 a21| + l‘bl b21| ["-‘I'*’bl a2+b2

and sincea; + by € Candaz + b, € C,weseethatA + B € A.

|ea
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Complex Subspaces

Example

anda € C.

a a o [217]
aA =l ®2| o 1 2
75} as [ {43] rela

and since aa; € C and aa: € C, we see thatad € A.

sz:LetAeAsayA=[“' @
a4 da

Example

To see that the set W = : Iz € C p is not a subspace of C?, consider that [ 1
z _

[ [l g oo

As such, S$1 fails, so W is not a subspace.

] € W and [__1‘] € W, but
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