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Coordinates

Once we have a basis B = {v,,....v,} for a vector space V, the Unique Representation Theorem tells us that for
any given vector x € V, there is a unique way to write X as a linear combination of the vectors in 3. That is, there
is a unigue collection of scalars x,, ..., x, € R such that

X=xV] + - +x,V,
This leads to a situation similar to the one that lead to the creation of matrices. That is, if we take the basis 5 as a
given, do we really need to write the vectors vy, ..., v, every time? The real information is contained in the list of
scalars, so let's just write those. Since we are only looking at a single list of numbers, this is best represented as a
vector from R".

Definition: Suppose that B = {v|, ..., ¥} is a basis for the vector space V. If x € V with
X = X|V] + X2¥3 + -+ + XV, then the coordinate vector of x with respect to the basis B is

X1

X2
Xl =

Xn

We also refer to [x]g as "the coordinates of x with respect to 5", or "the B-coordinates of x."

Coordinates

Example

1 0110 2
Let B = {[0][ 1 ][0]} be the standard basis for B®. Ifx = [—5 ] then we have that
OjlojL1 7
2
[xlg=| -5
7
2 1 0 0 a
since| =5 =20 0|—=5] 1 [|+7 0] Ingeneral, if x=| b |, then we have that
T 0 0 1 c

o
4
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Example
_ 1 0] |0 1 0 0f {0 0 . 3 -9
LetB_{[O 0],[0 0],[1 0},[0 ]]}bethestandardbaS|sf0rM(2,2)_Ifx_[_8 2};then
3
I =
Xl = _3
2
since
3 9] _.[1 0] o 1] _.fo o 0 0
15 2= ol -olo o] -o[3 8] +25 1]
Coordinates
Example
Let B={l.x, x2,13,x“,x5} be the standard basis for Ps. If x = 5 — 3x + 7x* + x* — 8x°, then
5
=3
|7
x]p = 0
1
—8

since 5 — 3x 4+ Tx? + x* — 87 = 5(1) = 3(x) + 7(x%) + 0(x) + 1(x*) — 8(x7).
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Coordinates

Example

In Lecture 1h, we showed that

b
I
——
[T
—ra

17-1 0] [3 2][-1 4
I'l=1 2|8 3" 1 7
is a basis for M(2,2).

If we note that

R I B I B ] ) (V]
then we see that
2
[—10 4] _| s
—14 25 4 —?

But usually we start with a vector, and want to find it's coordinates with respect to our basis.

Coordinates

7 18
2 38

12 -1 0 3 2 1 4] _[-7 18
x‘[3 1]+x2[—1 2]+x3[3 —3]+x“[| ?]_[ 2 33]

Performing the calculation on the left, this becomes

x)—x2+ 3 —xg 2x; + 2x3 +4xy _ -7 18
3 —xm+8utx x+2un-—3n+Txg| | 2 38

To that end, let's try to find the A coordinates for [ - ] . That is, we want to find scalars x;, x2, x3, and x4

such that

Setting the entries equal, we get the following system of linear equations:

X1 —x2  +3x —xg =-T7
2x, +2x; +4dx; =18
Ix —x2  +8x3 +xy =2

x1 +2x» -3x3 +Txg =38
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To solve this system, we will row reduce its augmented matrix as follows:

- A 1 -1 3 1|7
2 0 2 4|18 272N b o 2 4 6|32 |2k
3 -1 8 1| 2 |B-3R 0 2 -1 4|23
1 2 -3 7|38 |Re— R, 0 3 —6 8|45
[ 1 -1 3 -1 -7 ]
o -2 3|16 |g, _2r,
0 2 -1 4|2 [p_3p
[0 3 -6 8|45
[ 1 -1 3 -1 -7 ] 1 =1 3 —1|-7 |R +Rs
o 1 2 3|16 o 1 2 3]16 [R-3Rs
0 0 3 -2|-9 |(=DRs 0 0 3 —2|-9 |Ry+2R,
[0 0 0 -1]|-3 0 0 o0 1| 3
[1 -1 3 0|4 1 -1 3 0|-4
Ry - 3R;
0 1 -2 0] 7 0 1 -2 0| 7
“lo o 3 0|xa|PP~1o o 1 0| B+
[0 0 o0 1|3 0O 0 0 1| 3
[ 1 -1 0 0] -1 1 00 0] 4
o 1 oo s |®B+R 1o 1 0 0| S
0 0 1 0]-1 00 1 0]-1
[0 00 1] 3 000 1] 3
Coordinates
And so, from our RREF matrix, we see that the solutionisx; =4, 2, =5 x3 = -1, x4, = 3.
This means that
12 -1 0] _[3 2 -1 4] _[-7 18
4[3 1]”[—1 2] [s —3]”[ 1 ?]_[ 2 33]
and so we have
4
[—? 18] _| s
2 38 A —1
3

One last thing to note in regards to coordinates is that the order of the basis vectors matters.

That is to say, the set {1, x,x2} is not the same basis for P as the set {x,x2, 1}, simply because the order we
wrote the basis vectors in changed.

And this change results in different coordinates for our vectors.
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Example

Let £ = {1,x, xz} be the standard basis for P3, let B = {x,xz, 1} be another basis for P;, and let
plx)=6—2x+ 2x2.

6 -2
Then we have that [p(x)]s = [—2], since p(x) = 6(1) — 2(x) + 2(x2), while [p(x)]g = [ 2]; since
2 6

px) = —2(x) + 2(x) + 6(1).
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