MATH 225
Module 1 Lecture i Course Slides

Obtaining a Basis from an Arbitrary Finite Spanning Set

There are two ways of trying to find a set that is a basis.

Either we start with a linearly independent set and add more independent vectors until we span the vector space.
Or we start with a spanning set and remove vectors until we end up with a linearly independent set.

Since we frequently define a vector space as the span of a set of vectors, the definition of our vector space

provides us with a spanning set.

If that set is already linearly independent, then we already have a basis.
If not, then one of the vectors in our spanning set can be written as a linear combination of the other members.

To see this, suppose that {vy, ..., vy} is a set of vectors that is linearly dependent.
Then there is a non-trivial solution to the equation
v+ 5V =0
This means that there is a solution with at least one 1; # 0.
Then v; can be written as a linear combination of the other vectors as follows:

vy + - + i Vi + i Vi + - + Ve = —1ivi
=> (= i—:)"| + -+ (= %)“'54 + (- !i,;'_l)"jﬂ + o +(—%)Vﬁ =V

Obtaining a Basis from an Arbitrary Finite Spanning Set

Definition: When one element of a set can be written as a linear combination of the other members of the set,

we say that this element is a dependent member of the set.

To get our basis, we will remove the dependent members from our spanning set.
But we need to verify that we will still have a spanning set for our vector space afterwards.
And that's what the following theorem will show.
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Obtaining a Basis from an Arbitrary Finite Spanning Set
Theorem 4.3.a

If T = {vy,...,Vi} is a spanning set for a non-trivial vector space V¥, and if there is some v; € T that can
be written as a linear combination of the other v;; that is, if there are scalars #y,...,% 1,%;;1,. .., such that
vi=tvit+---thavia thavia +e- v

then T \ {vi} is also a spanning set for V. (Note that \ can be read as ‘minus’, ‘subtract’, or ‘without’.)

Proof

Suppose that T = {v1,...,Vi} is a spanning set for a non-trivial vector space V, and suppose there are
scalars t1,...,ti 1,tij1,.-.,tgsuchthat vi =t yvy +---+ti 1vi 1 +Htipavipr +- - + Ve
Letx e V.
Then, since T is a spanning set for ¥V, we know there are scalars ay, . . ., a such that
X=@vy+---tapvg
Plugging in our known value for v;, we see that
X = @mvit+---taiavia
tai(tivi + -+ tavi 1 H v+ teve)
+ai1vipn + -+ apve
(ay +asty)vy + -+ (a1 + @ty 1)vi g + (@0 + @t ) Vi + - - + (@ + agty) Vi

And so we have written x as a linear combination of the elements of T\ {v;}.

And since we can do this for all x € V, we see that 7 \ {v;} is a spanning set for V.

Obtaining a Basis from an Arbitrary Finite Spanning Set

So how do we use this to find a basis?

Well, we'll start with our spanning set 7, and if it is linearly independent, then we already have a basis, so we are
done.

If not, we find a dependent member v; of 7, and then we look to see if T\ {v;} is linearly independent.

If it is, then, by Theorem 4.3.a, we know that it is also a spanning set, so it is the basis we are looking for.

Ifitis linearly dependent, then we will again find a dependent member v;, and then we will look to see if 7\ {v;, v;}
is linearly independent.

If it is, then, by a second use of Theorem 4.3.a, we know that it is still 2 spanning set, and so it is the basis we are
looking for. If it isn't, then we continue the process until we eventually end up with a linearly independent set.

T only started with k elements, so at the extreme we would eventually end up with a single element set, which is of
course linearly independent, and as such we know that this process will definitely produce a linearly independent
set eventually.
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Obtaining a Basis from an Arbitrary Finite Spanning Set
Example

_J[ 1 =2]1[1-3 7] [-1 4 2 8] [-4 -1 . )
IfT—{[_3 l]’{ll _5],[ 7 _5],[_]2 ?}[ 0 5]},determlneasubsetothhatlsa
basis for Span T

Since we already know that T is a spanning set for Span T, we want to check if T is linearly independent.

To that end, we will look for solutions to the equation:
0o o] _ 1 =2 (3 7 -1 4 2 -8 -4 -1
[0 0]—rl[_3 l]+&‘2_]l _5}+I3[ 7 _5]+I4[_12 7]+!5[ 0 5]

Performing the calculation on the right, this becomes

0 0| _ h—3—-t+2—4ts -2t +Tt+4 — 8ty — 15
0 0| =3t + 11t +Tt5 — 1214 t — 5t — 5t + Tty + 515

Setting the corresponding entries equal to each other, we see that this is equivalent to looking for solutions to the
system:
] —3&'2 —1 +2.f4 —4&'5 =0
=28 +Tn  +4n —81y —t5 =0
—3I| +]]fz +713 —12f4 =0
h —5t =513 +Tty +5ts =0

Obtaining a Basis from an Arbitrary Finite Spanning Set

To find the solutions to this system, we row reduce the coefficient matrix:

1 -3 -1 2 -4] 1 -3 -1 2 -4
2 7 4 -8 —qfRF® oy 0 4 gy e
Ry +3R, ~ 3= 2R
31 7 -2 offsRTro 24 6 2 op
1 -5 -5 7 5|R—R 0 2 4 5 9

1 -3 -1 2 —4 I =3 -1 2 —4R-2R
o 12 4 9 o 12 4 —9fr,44r,
o0 0o 2 "R~ o 0o 1 3
[0 0 0 -3 -9] 0 0 0 -3 -9|Ri+3Rs
(1 -3 -1 0 -10 1050 -1
o 1 20 3fR+3RK Jo 1 2 0 3
o 0 01 3 0001 3
[0 0 00 0 0000 0

The last matrix is in reduced row echelon form, and from it we see that the rank of the coefficient matrix is 3.
Since this is less than the number of variables, we know that our equation has an infinite number of solutions,
which means that T is linearly dependent.

So T is not a basis for Span 7.

This means we need to remove at least one dependent member of T

To find such a dependent member, we will find the general solution to our equation.
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Obtaining a Basis from an Arbitrary Finite Spanning Set

From our RREF matrix, we see that our system is equivalent to the following:
th +5t —ts =0
to+2t3+3ts =0
ty+ 3ty =0
Replacing the variable ¢3 with the parameter s and the variable ¢5 with the parameter £, we see that the general
solution to our equation is

ty —bs+t
ta —2s5 — 3t
ta | = 5
ta -3t
ts t

Obtaining a Basis from an Arbitrary Finite Spanning Set
Setting s = —1 and t = 0, we see that
0o o] _.J1 -2 -3 7] _[-1 4 2 -8 -
[0 o]‘j[—3 1]”[11 —5] [7 —5]”[—12 7]”[ 0 5]
. -1 4] _J 1 =2 -3 7
Thlsmeansthat[ 7 _5}_5[_3 l]+2[]1 _5}

-1 4

And this means that
[ 7 -5

] is a dependent member of T

But notice also that setting t = —1 and s = 0 gives us
0 0 | -3 7 -1 4 2 -8 —4 -1
[0 0]‘_[—3 1]+3[11 —5]+0[? —5]”[—12 ?]_[0 5]
1 -2 -3 7 2 -8
}“[—3 1]”[11 —5]*3[—12 7]'

_;] is also a dependent member.

: —4 1
This means that [ 0 5

[=J =N

Which means that [_
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Obtaining a Basis from an Arbitrary Finite Spanning Set

Which one should we remove? Actually, both.

Let's go ahead and remove [_; ;1]

N T T

By Theorem 4.3.a, we know that 7} is a spanning set for Span 7.

. -4 -1 _ [ 1 =2 -3 7 2 -8 .
Butsmcewealreadyknowthat[ 0 5]— [_3 ]}+3[1l _5]+3[_12 ?],weknowthatﬂls

not linearly independent.

-4 -1
0 s

) _ 1 -2 -3 7 2 -8
andcon3|dertheset’ﬁ_{[_3 1],[“ _5},[_]2 7]}

By Theorem 4.3.a, we know that 7z is still a spanning set for Span 7.

So let's now remove the dependent member [

]Dle;

Now let's check to see if 73 is linearly independent.

Obtaining a Basis from an Arbitrary Finite Spanning Set

To that end, we will look for solutions to the equation

o o]_,[1 2], [3 7 2 -8
[0 0]“'[—3 1]“2[11 —5}“3[—12 ?}

Performing the calculation on the right, this becomes

0 0] _ h—=3—-2tn -2ti+7t—8n
0 0] |34+ 116-124 t) — 5t + Tt
Setting the corresponding entries equal to each other, we see that this is equivalent to looking for solutions to the
system:
1 —3n +2tz =0
—2}'[ +?fz —Sfj =0
=3 +llz —1245 =10
14 =5t +Tt; =0
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Obtaining a Basis from an Arbitrary Finite Spanning Set

To find the solution to this system, we row reduce the coefficient matrix:

1
-2
-3

1

-3
7
11
-3

3

-8
—12

7]

1
R2 + 2R,

Ry +3R, ~
R4—RJ

0
0

-3

-2

2
I —4|p. _2R,

2 _2 Ry + 2R,

2
—4
2
_3_
.
—4
1
0

This last matrix is in row echelon form, and so we see that the rank of the coefficient matrix is 3.
Since this is the same as the number of variables, we know that our system has a unigue solution.
And so we have shown that 75 is linearly independent.

And as we have that 73 is a spanning set for Span 7, we have shown that

(T

3 1 11 =sl'l-12 7] } is a basis for Span T
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