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Orthogonal Complement

In theory, finding an orthonormal basis is easy. Start with one vector, add a vector that is orthogonal, and then add
another that is orthogonal to the first two. Problems arise when dealing with very large spaces.

Definition: Let S be a subspace of R". We shall say that a vector X is orthogonal to S if
X-s=0forallse8

Example
1 0
_ 0flo0
Let S = Span oo
0 1
0 1 0 a 1 0
11 . 0 01_1|0 0110
Then 0 is orthogonal to §, because given any element a 0 + ol=lo of Span ollo
0 ) 0 1 b 0 1
0 a 0
we see that é . g = 0. We also see that 3 is orthogonal to S, since
0 b | 0
0] [a 0 a
3 0 1 0
oflo|=ol]o|=?@=0
0f [& 0 b
Orthogonal Complement
0 0 a
It is also easy fo notice that (l] is orthogonal to S, since we also have that ? g =0
0 0 b

(=R

1 1 1
But l : “IS not orthogonal to S, since l “IS an element of §, but : - lg‘ =1#£0
1 0 1 0

Note that in order to show that X is orthogonal to a subspace S, we only need to show that X is orthogonal to the
basis vectors for §.
If A ={a,....a;} is a spanning set for S, then every element 5 of S can be written as sya@; + --- + sgdy for some
. = R
And if X is orthogonal every @; for 1 < i < k, then we have the following:
X5 =X-(sia + - +5a)

=@ -siar) + - + (& - sear)

=51G @) + -+ 3G @)

=0
If X is orthogonal to S, then £X is orthogonal to S for all scalars f € R, since (X) - 5 = (X - 5) = 1#(0) = 0. Also, if
both X and y are orthogonal to S, then sois X + ¥, since (X + y) -5 = (X - 5) + (y - 5) = 0+ 0 = 0. Since 0-7=0
for any vector v, then we have shown that the set of all vectors orthogonal to S is never the empty set. And this
means that we have shown that the set of all vectors orthogonal to § is itself a subspace of R”, since itis a
non-empty subset of R" that is closed under addition and scalar multiplication.
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Orthogonal Complement

Definition: We call the set of all vectors orthogonal to S the orthogonal complement of § and denote it St That
is

st=(feR"I%-5=0foralls € S}

Example

1737
Find a basis for §*, where S = Span ﬁ ?

-

1]]4]

A vector is orthogonal to S if it is orthogonal to the vectors in its spanning set, so we are looking for vectors

T ]

X X 1 1 I 3
- _ X X2 2 _ 2 6|_ P - - .
= uch that . =0and . = (). This is the same as looking for solutions to the following
X3 X3 0 3 1
1 | 4

Xq Xy X4
system:

X +2Xz +xy =0
Ix; +ox 4 Hxy =0

To solve this homogeneous system, we row reduce its coefficient matrix:

12 0 1 (1 2 01
3 6 1 4 0 0 1 1

Orthogonal Complement

From our RREF matrix, we see that our system is equivalent to
xp  +2x +xg =10
x3 +xg =0
Replacing the variable x; with the parameter s and the variable x4 with the parameter ¢, we get that the general
solution to this system is

x| —2s—t -2 -1
x| _ s|_ 1 0
x| |7 o4
X3 t 0 1

The general solution to our system is a list of all the vectors X that are orthogonal to S, so we see that
T 21T 1]

[1) N _? is a spanning set for st
oL 1]
Moreover, these vectors are not a scalar multiple of each other, and thus are linearly independent, so we have that
F 2111
1 01l. )
A is a basis for 1.
o -1
0 1
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Orthogonal Complement

Theorem 7.2.1

Let S be a k-dimensional subspace of R". Then

1. 8nst = {0)
2. dm(SY) =n—k
3. If {¥1..... v} is an orthonormal basis for § and {Vis1, ... , Vs } IS an orthonormal basis for S, then

{V14ee s Vi Vil ... » ¥ } IS @N Orthonormal basis for R™

Proof

Toseethat SN &t = {6}, letx € Sn St

Then X is an element of §l, so X is orthogonal to every element of S.

But we also have that X is an element of S, so this means that X is orthogonal to itself. That is, X - X = 0, which
means that X = 6

Next, to see that dim(§Y) =n - k. let A be the matrix whose rows are the basis vectors of S. Then Aisak xn
matrix, and 5 is the rowspace of A. This means that the rank of A is the same as the dimension of §, so
rank(A) = k.

But we also have that S* is the nullspace of A, and thus the dimension of §* is the nullity of A. By the Rank
Theorem, we know that rank(A) + nullity(A) = n, so the dim(§Y) = nullity(A) = n — rank(A) = n — k.

Orthogonal Complement

Finally, to see that {V, ..., Vg, Vig1s ... Vo | i3 @an orthonormal basis for B®, remember that we, in fact, only need to
show that [V, ..., Vg, Vig1s ... . Vo | is an orthonormal set (as it will then automatically be a basis). That means we
need to show that ¥; - ¥; = 0 whenever i # j. We will break this into four different scenarios:

(a) 1 <i,j < k. Then both ¥; and v; are in {¥y, ..., v}, which is an orthonormal set, so we know that v; - v; = 0.
()l <i<kandk+1<j<n Then¥; € Sand¥; €S!, so by the definition of S we know that ¥; - v; = 0.
()l <j<kandk+1<i<n Then _»"J- eSandv; e Sl, s0 by the definition of St we know that v; - _v'_,- =0

(dyk+ 1 <i,j <n Then both V; and ?:, are in {Vg+1, ... , o}, which is an orthonormal set, so we know that

Vv =0
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