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Span, Linear Independence, and Basis
The most commaon way to define a subspace is as all possible linear combinations of a set of vectors. First, let us
verify that this is still a subspace.

Theorem 9.3.a

If {vy, ..., ¥, } is a set of vectors in a vector space V over C, and S is the set of all possible linear combinations
of these vectors,

S={avi+ - +avilay,...,ar € C}
then S is a subspace of V.

Proof
Let's look at our three properties.

80: Since V is closed under addition and scalar multiplication, we know that every a;v; + -+ + ayv; is an element
of V, and thus § is a subset of V. § is not empty since, at the least, v; € S.

St:letw = ayvi + -~ + axvi and z = y,v1 + - + ¥, Vi be elements of S. Then
w4z =(avy+ o Favi) (v + o+ V)
=avi+yvi+ o Fave Hyve by V2 and V5
= (o + vy + -+ (@ + 1)vi by V8

And so we see thatw +z € §.

Span, Linear Independence, and Basis

Proof
S2: letz =av) + -+ + a;v, be anelement of §, and let y € C. Then
¥Z = (@ vy + - +apvy)
=yl vy) + o+ p(agvy) by V8
= (ya)vy + - + (ya) v by V7
And so we see thatyz € S.

And since properties S0, S$1, and S2 hold, § is a subspace of V.

Note: This theorem is exactly the same as Theorem 4.2.2, except that our scalars are from C, not R.
We can do this because it relies only on vector space properties.

As we will find many similarities between vector spaces over R and vector spaces over C, we sometime use Greek
letters to indicate our scalars, to remind us that they are from C, not R. We have already been using the Greek
letter & ("alpha") for this purpose, and in this proof | also used the Greek letter y ("gamma").
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Definition: If § is the subspace of the vector space W over C consisting of all linear combinations of the vectors
vy, ..., ¥; € V, then § is called the subspace spanned by B = {v, ..., ¥; }, and we say that the set B spans §.
The set B is called a spanning set for the subspace S. We denote S by

S = Span {vy,...,¥:} = Span B

Definition: If B = {v,...,v:} is a set of vectors in a vector space ¥ over C, then B is said to be linearly
independent if the only solution to the eguation

avi+ e+ avie =0
isa; = = ap = 0; otherwise, B is said to be linearly dependent.

Definition: A set B of vectors in a vector space V over C is a basis for V if it is a linearly independent spanning
setfor V.

And, as before, we like bases because they allow us to write every vector in V as a unique linear combination of
the basis vectors.

Span, Linear Independence, and Basis
Theorem 9.3.b (Unique Representation Theorem)

Let B = {vy, ..., v,} be a spanning set for a vector space ¥ over C. Then every vector in ¥ can be expressed
in a unique way as a linear combination of the vectors of B if and only if the set B is linearly independent.

As with Theorem 9.3.a, the proof of this theorem can be copied straight from its counterpart in R (Theorem 4.3.1).

Not only are the definitions for these basic linear algebra concepts the same, but the way we go about determining
them is the same. Let's look at an example.
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Example
_ 1 1+i 1+ 5-2i . . . 2
Let A = {[_2+ il [_3 _ i]’ [ _3], [_5 +9£] } Determine whether or not A is a spanning set for C* and

if it is linearly independent. Use these results to determine if .4 is a basis for C2,

First, let's see if .4 is a spanning set for C2. To do this, we will take an arbitrary element [;“1 ] of C2, and see if we
2
can find scalars a1, a2, a3, as € C, such that

1 1+i 1+i 5-2i] _ [«
% [—2+ i] J””[—a—;‘] +as —3] +““[—5 +9i] = [zg]
If we Compute the linear combination on the |eﬂ, we see that this is the same as ChEijﬂg the fO"OWIng vector
equality:

[ @y + ay(l + 1) + ax(l + i) + as(5 — 2;‘)] B [z|
a(=2+D+a=-3—D+as(=3)+ay(=5+9)| |z

By the definition of vector equality, this equation is equivalent to the following system

a+(l+dm+({1+das+(5-20as =2z
(24D + (-3 -Daz =33+ (-5+%Wa:s =2n

Span, Linear Independence, and Basis

Example
To solve this system, we need to row reduce its augmented matrix.

1 14+i 14+i 5-2i|z . 1 14i 1+4i 5-2i 1
. . . Ry+Q2-DR ™ .
-2+4+i -3-i -3 549 |2z 0 0 i 3|+ @2-0z
This new matrix is in row echelon form, and since there are no bad rows (no matter our choice of z; and z,), we see
that our system does have a solution. And this means that

21

ol € C?, s0 A is a spanning set for C2.
2

[:1] is in the span of A for any [
2

Now let's determine if .4 is linearly independent. This means we need to determine if there are any non-trivial
solutions to the equation
5-2i| _ |0
-5+9i| |0

1 1+ 1+
“'[—2+i] +“2[—3—i] +“3[ -3

But this is the same equation we looked at to determine whether or not A is a spanning set, except that Z1 and 2
are now set to zero. SO, uSiﬂg the results of our previous work, we see that the solution to this equation can be
found by looking at following matrix:

0

0

+ oy

I 1+i 1+4+i 5-24
0 0 i 3
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Example

At this time our concern is not whether or not this equation has a solution (since we already know that the trivial
solution will be a solution), but instead with how many solutions there are.

We see from this row echelon form matrix that the rank of the coefficient matrix is 2, while there are 4 columns, so
the general solution will contain 4 — 2 = 2 parameters. As such, this means that the trivial solution is not the only
solution, so the set A is not linearly independent.

And since A is not linearly independent, it is not a basis for c2.
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