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The Change of Coordinates Matrix

Previously

» We found the coordinates of p(x) = 6 — 2x 4 2x* with respect to two different bases

The Change of Coordinates Matrix

Example

Let B={1 +x—xtx+x5—x+ 312} and C = {1 +x+x51—x —2x2,4x}, and let p(x) € P; be such that
3

[p)]e = [2] Find [p(x)]5-
1

The first step to finding [p(x)]g is to find what p(x) is. Using the given C-coordinates of p(x), this is a straightforward
calculation:
PO=3(1 + x+x7) + 2(1 —x — 2x%) + (4x)

=5+5x—x2
Now we simply need to find the B-coordinates of 5 + 5x — x2.
That is, we need fo find scalars 11, f2, and #3 such that

S5+5x—xr=0(1+x—x) + G+ x3) +6(—x+3xD)= () + (6 + & — B)X + (=1 + 1 + 36)x°
Setting the coefficients equal to each other, we see that we are looking for the solution to the following system:
4] =5

n  +n — =3
—I +tz +3f3 =—1
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The Change of Coordinates Matrix

Example

Let B= {1 +x—x2,x+x2,—x+312} and C = {1 +x+241 —x—2x2,4x}, and let p(x) € P be such that
3

[PO]c = H Find [p()]5-
1

To find the solution, we will row reduce its augmented matrix:

10 of s 10 ofs
1o os (Re=Relo o fo g g
-1 1 3|-1 |B+R o 1 3|4 [

1 0 o0fs 10 0

~lo 1 —ajo|lpg~lo 1 —1f0 |R+E
00 4|44 oo 1]1
1 0 0]s

~l 0o 1 01
00 11

5
And so we seethats; = 5, = 1, and t3 = 1. And this means that [p(x)]g = [l ]
1

The Change of Coordinates Matrix
Theorem 4.4.1

Let B3 be a basis for a finite dimensional vector space V. Then, for any x,y € Vand t € R, we have
[tx + ¥l = tlx]s + [yl

Proof
Xy Y
Let B={vi,....va}, let[x]g =| : [andlet[ylg =] : |
xﬂ yﬂ
Then X=XV + -+ X ¥pand y = y ¥y + == + ¥, ¥n
Then X+ y= U V) + -+ X V0) + V1 + o+ Yy Va)

= (V) + -+ D6 Va) + (V1 + 0 1 Y V)
= (tx1 +y V1 + - + (Xn + ¥,)Va

Xy +y,
So we see that the B-coordinates for 1x + y are :
rxﬂ' + yﬂ

@) +y) x| »
[X+¥]p= o FY s |+ Fixs+Ds
Xn + ¥n Xn ¥n

Which means that
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The Change of Coordinates Matrix

So how does this Theorem help us?

Well, suppose we have two bases B = {v,,....v,} and C = {w,,....w,} for a vector space V, and let x € WV be
X

such that [x] =
Xn

To find [x] 5 we use Theorem 4.4 1 to note the following:

[xlg= [xyw) + - + x5, W,]5
=xlwilg + - + Xa[Wal g
x

Z[[Wlls I.wnjB]

Xn
= [[Wlls anJB][x]c
This means that to find the B-coordinates for x, we can multiply the C-coordinates by a matrix whose columns are
the B-coordinates of the vectors in C.

The Change of Coordinates Matrix

Definition: Let B and C = {w,, ..., w, } both be bases for a vector space V. The matrix
= [[wl]B [Wn]f;] is called the change of coordinates matrix from C-coordinates to B-coordinates, and
satisfies
[xl.ﬁ = Plx]c
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The Change of Coordinates Matrix

Example

Let B= {1 +x—xtx+x0 —x+ 312} and C = {1 +x+x51—x —2x2,4x}, and let p(x) € P be such that
3

[p(x)]e = [2 ] Find the change of coordinates matrix from C-coordinates to B-coordinates.
1

To do this, we need to find [1 + x + x2] 5, [1 —x — 2x?] 5, and[4x]5.
To find the first B-coordinates, we need to find scalars a;, a;, and a; such that

1+x+x2 =ai(l +x—x2) +a(x +x%) + as(—x + 3x2)= (a1) + (@1 + a2 — a3)x + (—a) + a2 + 3a3)x?

which is equivalent to the system
ap =1
ay +az —az =1
—a; +a; +3ay =1

For the second C polynomial, we need to find scalars by, by, and by such that
1 —x—2x2=by(l +x—x2) + by(x + x%) + b3y(—x + 3x%)= (b)) + (b) + by — b3)x + (—b| + by + 3b3)x>
which is equivalent to the system

by =1
by +b2 —by =-1
—b 1 +b2 +3b3 =-2

The Change of Coordinates Matrix

Example

Let B={1 +x—xtx+x5—x+ 312} and C = {1 +x+x51—x —2x2,4x}, and let p(x) € P; be such that
3

[p(x)]e = [2 ] Find the change of coordinates matrix from C-coordinates to B-coordinates.
1

For the third polynomial in C, we need to find scalars ¢, ¢;, and ¢3 such that
dr=c(14+x—xD+calx + 23+ e3(—x+ 3xD=(e) + () + ¢2 — e3)x + (=) + €3 + 3e3)x?
which is equivalent to the system
€ =0
¢t o
—c; 2 +3es =10

Il
IS
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The Change of Coordinates Matrix

Example

Let B= {1 +x—xtx+x0 —x+ 312} and C = {1 +x+x51—x —2x2,4x}, and let p(x) € P be such that
3

[p(x)]e = [2 ] Find the change of coordinates matrix from C-coordinates to B-coordinates.
1

Now, all three of these systems have the same coefficient matrix, so we can sclve them simultaneously by row
reducing the following triply augmented matrix:

1o oflt 1 0
L1 o—1|1 -1 4
11 301 =2 0
e g |10 o]t 1o 1o olt 1 o 1o ol 1 1 o
=R fo1r 1o 2 a g _p~l01 1o 2 aflp~lo1 1| 0 2 4
Rs + Ry 01 3|2 -1 0 00 4]2 1 -4 |27 00 1|12 11 -1
1o ol 1 1 o
Ra+Rs ol g 1 0|12 -74 3
00 1|12 s -

The Change of Coordinates Matrix

Example

Let B={1 +x—x2,x+x2,—x+312}and c=11 +x+a221 —x—2x2,4x},and let p(x) € P; be such that
3

[p(x)]e = [2 ] Find the change of coordinates matrix from C-coordinates to B-coordinates.
1

1
Reading off the first augmented column, we seethata; = 1, a» = =

1
[1+x+x%]g= [ UZ]
12

7 1
Reading off the second augmented column, we see thatbh, =1, by = — 1 and b; = 1 50

1
[1-x-2]g =[—m]
1/4

And reading off the third augmented column, we see thate; =0, ¢; =3,and 3 = —1, s0

0
Mals=| 3]
-1
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The Change of Coordinates Matrix

Example

Let B= {1 +x—xtx+x0 —x+ 312} and C = {1 +x+x51—x —2x2,4x}, and let p(x) € P be such that
3

[p(x)]e = [2 ] Find the change of coordinates matrix from C-coordinates to B-coordinates.
1

And this means that our change of coordinates matrix P is
1 1 0
172 —1/4 3
12 1/4 -1
1 1 0

1 0 0
Notice that P is the same as the right side of our RREF matrix| 0 1 0| 1/2 -7/4 3
0 0 1|12 174 -1

3 1 1 o3 3+2+0 h]
20=112 74  3)2|=(32-T24+3|=|1
1 12 174 141 32+12-1 1

which is the same result we got in the original example.

Note also that

The Change of Coordinates Matrix
Theorem 4.4.2

Let 55 and C both be bases for a finite-dimensional vector space V. Let P be the change of coordinates matrix
from C-coordinates to B-coordinates. Then P is invertible and P~! is the change of coordinates matrix from
B-coordinates to C-coordinates.

Proof

To see that P! is the change of coordinates matrix from B-coordinates to C-coordinates, note that

Pl [x]g = P (PIx]c) = (P! P)[xlc = I[x]c = [x]c
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The Change of Coordinates Matrix

Example

- 1 0 0 1 0O 0] 10 0 :
Letb_{[o 0],[0 0],[] 0],[0 ]}}bethestandardbasmforM(Z,Q),andlet

s={[ 22 A0 2

Find the change of coordinates matrix Q from B-coordinates to S-coordinates, and find the change of coordinates
matrix P from S-coordinates to B-coordinates.

The Change of Coordinates Matrix
Solution

The change of coordinates matrix ( from B-coordinates to S-coordinates is

[BEAERA AN

But we can find these coordinates without any calculations:
5 3] =1l6 o] =[5 of =3[ o]+1[6 9]
5 2] == o] +ofo of -7 o] +2[o 1]
ER] B O o ) R I R
[ 4]y gl el 2l
|

-1 3
_1 0] _| o [3 2] _| 2
1oz =) [ =367 8]

2 3

S0

and so we see that

1 -1 3 -1
2 0 2 4
2=13 1 3
1 2 3 7
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The Change of Coordinates Matrix
Solution

To find the change of coordinates matrix P from S-coordinates to B-coordinates, we use Theorem 4.4.2, which tells
us that P = Q7' and then we use the matrix inverse algorithm to find Q™"

L=t 3 1|1t 00 0], 0 I -1 3 -1 1 00 0
2 0 2 4|0 1 0 o [f27N 2 4 6 =210 0 |!
Ry —3R,~ Ra
3 108 1joo 1 oKy 2 1 4 3001 0
1 2 3 7|0 0 0 1 |Re-FR 0 3 -6 8 -1 0 0 1
1 -1 3 =11 000 I -1 3 -1 1 00 0
o 1t 2 30112 0 0 g _op, |0 1 -2 3|1 120 0
0 2 -1 4|3 0 1 R_sm. 0 0 3 2{-1 -1 1 0|-DR
4 2
0 3 —6 8|-1 00 0 0 0 —1| 2 32 0 1
1 =1 3 =1 1 0 0 0]|R+R, I -1 3 0|-1 32 0 -1
0 1 -2 3|-1 120 O0|R-3R |0 1 =205 40 3|
“lo 0o 3 2|-1 -1 1 0|+ |0 0 3 0|5 21 2|38
0 0 0 1|=2 32 0 - 0 0 0 1|-2 32 0 -1
-1 30| -1 32 0 —1]g _3 [1 -1 00 4 -1 -1 1
o 1 20 5 -4 0 3 |gosom]| 0 100 53 83 23 53
0 0 1 0|-53 w3 13 -3 |°? 1o o1 0 -53 23 13 -23
0 0 0 1| -2 32 0 -l 0 001 -2 32 0 -l
1 0 0 0| 173 —19% —1/3 83
RoaR | 0 1 0 0 53 83 23 503
¥R~ 0 1 0|-S3 w3 13 -3
00 0 1| -2 312 0 -l

The Change of Coordinates Matrix

Solution

And so we see that

173 —-1%6 -1/3 8/3
53 803 23 53

=53 213 173 =213
-2 32 0 -1
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