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n-th Roots

De Moivre's formula can just as easily be used to find the roots of a number instead of the powers of a number,
since it is easy to see that
(rl.l’neiﬁ'.l’n)n —_ (r].l’n)n&;l(iﬂfn) - rei{?
so rieff is an n-th root of re®. | say "an" n-th root, because there could be more than one.
At first glance, it may not look like the formula for the n-th root could yield more than one result, but the secret is in
the fact that 8 is not unique. We can replace @ with 8 + 2zk for any integer k, and we get
rei® = peil0+2k)

which means that
Uin git6+27k)in

is also an n-th root of re'.

n-th Roots

Example

Find the fourth roots of 8 — 84/3i.
To solve this, we first need to find a polar form for 8 — 8+/3i. We start by calculating

r=1/8" +(8v/3)* = 64 + 192 = v/256 = 16.

Next, we need to find & such that

8 1 . —8/3 43
f=—=—andsinf=— = ——.
COPT= 16 T 2 AN 16 2
Since the cosine is positive and the sine is negative, we want # to be in the fourth quadrant, so we can use
5 5
6= Tx In fact, we can use 8 = Tx + 2xk for any integer k.
Let's look at the roots we get by using various values for 6:
9 U4 gitls
Sm )
i i5x12
3 2e
Sm 11z )
4% =_" 1112
3 +2r 3 2e
S5m 17z )
— e = —— i17a/12
3 +dr 3 2e
Sm 23z .
- [ 23n/12
3 + 61 3 2e
S5m 20z .
— = i297/12
3 + 8x 3 2e
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n-th Roots

Example

This is the same argument found in the first root we calculated. And, from this point on, if we were to continue
adding multiples of 2z to &, we would end up repeating the roots, in order, that we have already found.

9 rl."4er'ﬂ.-'4

2 4+ 107 = E 21357112 _ 94illxi12

3 3

2 4127 = ﬁ 2gi4lallZ — 95ilTxi12

3 3

E + l4x = ﬁ 24712 _ 94i23x/12

3 3

E + 167 = & 2i538/12 _ 9295/12 _ 9 i5x(12

3 3
At this point, we see that the roots start cycling through again. Let's take a closer look at what is happening. We are
starting with 8 = 5;, and then we are adding 2xk, or % ,togetd, = (S-F:J‘ﬂ.

G + 6k

Then, when we find the fourth root, divide &, by 4, giving us 7

We can rewrite this as
Sz kn

2tz

n-th Roots

Example

From this description, it is easy to see that when k is a multiple of four, say k = 4d, then the argument for our root
is

St 4dm Sz
— 4+ — = —= 4+ (21)d
12 + 2 12 + ()
_ . Su
which is equivalent to VR
If k is one more than a multiple of four, say k = 4d + 1, then the argument for our root is
57 (4d+1)m Sm T
BT T3 1 + (2m)d + 7

which is equivalent to %

If k is two more than a multiple of four, say k = 4d + 2, then the argument for our root is

5t (4d+2rx _ Sz
T 2 =10 +@rd+nx

which is equivalent to %

Lastly, if k is three more than a multiple of four, say & = 4d + 3, then the argument for our root is

5z (4d+3)m _ 5m 3
’ 12 2 12+(2”)d+ 2
which is equivalent to ——.
12
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n-th Roots

Example

We have now looked at all possible integer values &, and seen that the fourth roots of 2¢°* are the following
2er'51r."|2 2er'1|m‘12 2651737”2 28123111‘12

As such, we see that there are 4 different fourth roots of 8 — 8+/3i.

In general, we find that any non-zero complex number will have n distinct n-th roots. We see this by going through
a similar argument to the one pursued in this example.

For, if m is an integer, then we can write m as k more than a multiple of n, say m = dn + k. Then, when we add

2am to our argument 4, we get
@+ 2am=6+ 2(dn+ k)x

Then, when we divide & by n to find the argument for the n-th root, we get
6 2dmr+ 2kn
—_ + —_
n n
Since 2dx is a multiple of 27, we can remove it from the argument without changing the complex number, getting
an argument of
8  2kx
—_ —
n n
As such, it does not matter what m is, per se, it simply matters how much much m differs from a multiple of n. Since
we need only consider k values of 0 to n — 1 to cycle through all possible integers m, we find that no matter what

multiple of 27 we add to @, our list of arguments for the n-th root of

. 6 Zkxm
ret willbe — + — fork=0,...,n—1
n n

n-th Roots
Theorem 9.1.6

Let z be a non-zero complex number. Then the n distinct n-th roots of z = re are

wy = rlineil@+abin g = 0,1,...,n—1

Example

Find all the cube roots of 27.

In the real numbers, 27 has only one cube root, namely 3. But as a complex number, 27 must have three distinct
roots, one of which is still 3. Let's put the number 27 into polar form, and use Theorem 9.1.6 to find all cube roots.
Since 27 is a positive real number, we know that

r=27and@ =0
This means that the cube roots of 27 are
AFUBGIB 3097 1BGIHOH2A(LNE  —  3i2a39 713 Gil0H+2A(2N3  — g gidal3
and we note that 3¢” = 3.
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n-th Roots

Example
Find all the fifth roots of 1 + i (i.e., find (1 + §)').
We already know that v/Z¢™* is a polar form for 1 + i. This means that the fifth roots of 1 + i are
k=0: ﬁlﬁ S — 110 ixi20
k=1: ﬁlﬁe;{mnm})ﬁ — 9110 9120
k=2: ﬁlﬁ RIS — 91110 4il7x/20
k=3: ﬁl’rsei(m’4+2:r{3))."5 = pU10,i257120

k=4: \@US iS5 — 91110 4i33x/20
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