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Classifying Quadratic Forms

In This Lecture

We will continue our lock at quadratic forms. In particular, we will see how to classify quadratic forms and their
corresponding symmetric matrices.

Classifying Quadratic Forms

Definition: Let Q(X) be a quadratic form. We say that Q(X) is

. positive definite if Q(¥) > 0 forall ¥ # 0.

. negative definite if (%) < 0 forall X # 0.

. indefinite if Q(X) > 0 for some X and Q(X) < 0 for some X.
. positive semidefinite if Q(X) > 0 for all X.

L R

. negative semidefinite if Q) < 0 for all X.

Example

Qlx1.xy) = x2 + 22 is positive definite since Qlx;,x,) > 0 forall ¥ £ 0.
Oxy,x) = —x12 - xz2 is negative definite since O(x;,x;) < 0 forall X # 0.
Qxy,x) = xll —x% is indefinite since 0(1,0) =1 > 0and Q(0,1) = -1 < 0.
Oxy,x) = xl2 is positive semidefinite since Q(x;,x;) > 0 for all ¥.

Note: Q(x1,x3) = xf is equal to O for infinitely many values ¥ = (0, x2). So it is not positive definite.
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Classifying Quadratic Forms

Note: We classify symmetric matrices by classifying the associated quadratic form.

Example

. ; 1 0
Classify the matrix A = [0 _2]_

Solution
The corresponding quadratic form is
Q(x1, %) = x1 — 2x3
We can see that 9(1,0) = 1 and Q(0, 1) = =2 Therefore, Q(x1, x2) is indefinite and so A is also indefinite.

Classifying Quadratic Forms

Example

Classify the quadratic form

Ox1. %2, x3,34) = Txf — 2xyxp + 2xpxs — Bxyxg + Txg — Bxaxs + 2xoxg + Tx;t — 2xaxy + Txi

Solution
We will express (%) in diagonal form so that it will be easier to classify.

7 -1 1 =3
-1 7 -3 1
1 -3 7 -17
-3 1 -1 17

We can find that the eigenvalues of A are 4; = 12, 1, = 8,13 =4, and 1y = 4.

The symmetric matrix corresponding to Q(X) is A =

Hence, by Theorem 10.3.1, there exists an orthogonal matrix P such that ¥ = PT% gives
0F) = 12y7 + 8y + 43 + 43

Itis clear that Q(X) > 0 for all ¥ fj; and hence Q(X) > 0 forall X i (since P is invertible).

Consequently, © and A are both positive definite.
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Classifying Quadratic Forms
Theorem 10.3.2

If A is a symmetric matrix, then A is

. positive definite if and only if the eigenvalues of A are all positive.

_ negative definite if and only if the eigenvalues of A are all negative.

_ indefinite if and only if some of the eigenvalues of 4 are positive and some are negative.
. positive semidefinite if and only if the eigenvalues of A are all non-negative.

[ e B

. negative semidefinite if and only if the eigenvalues of A are all non-positive.

The proof is left as an exercise. Hint: generalize the method used in the last example.

Classifying Quadratic Forms

Example

Classify the following:
(@) Q(xi.x2) = 4-’5% — 6xyxp + 21’,22

Solution
The corresponding symmetric matrix is A = [ 43 _2'3 ]
The characteristic polynomial of A is
4-1 =3

CU) = det(A — A1) =|
6 + /40
—

-3 2-4

Applying the quadratic formula we get 4 =

So, A has both positive and negative eigenvalues, and hence is indefinite.
Thus, Q(X) is also indefinite.
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Classifying Quadratic Forms

Example

Classify the following:
b X1, X0, X3 =2x3+2x1x3+2x1x3+2x3+2x2x3 +2x2.
1 2 3

Solution
2

21 1
The corresponding symmetric matrix is A = [ 1 2 1 ]
1 1 2

The eigenvalues of A are 1, 1 and 4. Hence, all the eigenvalues of A are positive so A is positive definite.
Therefore, Q(X) is also positive definite.

3 0
(a=|2 2|
1

0
We can find that the eigenvalues of A are 3, 2, and —1.

=]

[SF OS]

Solution

S0, A has both positive and negative eigenvalues. Hence, A is indefinite.
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