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Complex Vector Spaces

In This Lecture

We will extend most of what we did in Linear Algebra 1 with real vector spaces to the complex case.

Complex Vector Spaces

Definition: A set V is called a vector space over C or a complex vector space if there is an operation of addition
and an operation of scalar multiplication such that for any ¥,Z, W € W and @, § € C we have:
ViZ+weV

V2E+W)+V=Z+(W+V)

V3i+w=w+7Z

V4 There exists a vector 0 € V such that? + 0 = ZforallZ € V

V5 For each Z € W there exists an element (=2) € V such thatZ + (—z) = 0

V6az eV

V7 a(f2) = (af)z

V8 (a+ Pz =ai+fz

VO aZ + W) = o + aw

VID1Z =7

Notes:

« Notice that a vector space over C has the same definition as a vector space over R except that we now allow
the scalars to be complex numbers.

« All of our concepts and definitions of subspaces, spanning, linear independence, bases, dimension, and
coordinates are also exactly the same except that we now allow the use of complex scalars.

« As a result, all of our theory and algorithms are exactly the same.
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Complex Vector Spaces

F4l
Definition: The set C" = : || z; € C ¢ with addition defined by

in
k41 w1 1+ wy
I H
In L In T Wy

and scalar multiplication defined by

for any ¢ € Cis a vector space over C.

Since we allow complex scalar multiplication, we have that the standard basis for C" is

1 0
- - 0
{€1,... .80} = N

0 1

So, dim(C™) = n.

Complex Vector Spaces

Note that just like a complex number z € C, we can split a vector in C" into its real and imaginary parts:

Theorem 11.2.1

IfZ € C", then there exists vectors X, ¥ € R" such that

I=i+py
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Complex Vector Spaces

Example

1 2i 1
Is B = i bf =111+ abasisfor C??
1+ 1 i
Solution
0 1 24 1
0l=m i +agl —1 | +a3| 1
0 141 1 i

Calculating the linear combination on the right-hand side and comparing entries gives a homogeneous system of

For linear independence, consider

linear equations.
Row reducing the corresponding coefficient matrix gives

1 21 1 0 0
i -1 1|{~{0 1 0
1+i 1 i 001

Thus, the system has the unigue solution a; = az = az = 0, so B is linearly independent.
So we have that B is a linearly independent set of 3 vectors in the 3-dimensional vector space 3. Hence, itis a
basis for C°.

Complex Vector Spaces

Example

2i 1 -1 i
Find the coordinates of 7 = [—2 + i] with respect to the basis B = {[ 1+ i],{ —i ],[ i ]} for C2.
3+2i 1—i ] [ -1+2i][2+2

Solution

We need to find ay, @2, @3 € C such that

2 1 -1 i
—2+i|l=a|l+i|+a —i + as i
3+ 2 1-i -1+2i 242

Calculating the linear combination on the right hand side and comparing entires gives us a complex system of
linear equations.
Row reducing gives:
1 -1 i 2i
I+ —i i 24+ |R;—(1+iRy ~
1—i =1+2i 2+2i|3+2i |Rs—(1-0DR

[=N=2H
.
—
+|—‘
—
~

=
P

|
&

1 0 1+i| i |Ri—(1+0Rs 1 0 0 i i
~l0 1 1 |- |Ra—Rs ~l0 1 0]- = [s=|-i
00 1 |0 00 1|0 0
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Complex Vector Spaces

Example

Is R" a subspace of C"?

Solution

X1
Every vector¥ =| ;. | € R"isin C" since x; € Cfor 1 < i < n (each x; just have an imaginary part of 0).

Xn
Thus, R™ is a non-empty subset of C".

For any two vectors X, ¥ € R”, we have that ¥ + ¥ € R" since we already know that B" is closed under addition.

For any scalar ¢ we have that #%.... does not have to be in ™.
This is the big difference between real and complex vector spaces: we now allow multiplication by complex scalars!

1
- 0 am
Forexample, é; =| | € R", but (2 + 3i)e; € R™.
0
So R" is not closed under complex scalar multiplication and so is not a vector space over C.
Therefore, R" is not a subspace of C".

Complex Vector Spaces

The other complex vector space that we will refer to in this course is the extension of M,,...(R).

Definition: The set M,,...(C) of all m x n matrices with complex entries is a complex vector space with standard
addition and complex scalar multiplication of matrices.
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Complex Vector Spaces

We can also extend all of our definitions and theorems about linear mappings (including isomorphisms) to complex
vector spaces.

Example

Find the standard matrix of the linear mapping L : C* — € given by L(z;, z2) = (iz1, 22, 21 + 22)-

Solution

The standard basis for C? is { [(l]] [?] }

Thus, we have
i 0
L(1,00=| 0}, L0, 1) =11
1 1

i 0
[L]=[L(,00 LO,D]=]|0 1
11

Therefore,

Complex Vector Spaces

Example

Is the mapping L : C — C defined by L(z;) = z; a linear mapping?

Solution

For any vectors 7,2, € C and complex scalars a,, @, € C, consider:

Loz + m72) = %) + ez = o2

-
+
>
b2
Sl
&)

But @ # aif a is not real. So, we suspect that L is not linear.
To prove it is not linear, we need to provide a counter example:
Takingae =1+iandZ = 1, we get
L) =LI(1+Dl]=(1+D1) =1-i
but,

@ =(1+DL) =1+
Since L{aZ) # aL(Z), L is not linear.
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Complex Vector Spaces

We also directly extend the concepts of determinants and inverses.
Example

] ) —2i 1-i
Find the inverse of Z = [l 3 2 ]

Solution

We have det Z = (—=2i)(2) — (1 —i)(1 — 3i) = 2.
Thus, from our formula for the inverse of a 2 x 2 matrix we get

_ 1 2 -1+
1 _ =
=3 [—1 +3i -2
Complex Vector Spaces
71 11 - Zin
Definition: ForanyZ=| : [eC'andZ = : : | € M,,(C) we define the complex conjugate by
Zn Zml =t Imn
3= z=\: :
Example
1-3i 1+3
S -3 —2i s -3 = 3 2i
Letz = 2 ,and Z = [l+3i 1_£_].Theniz_ 2 ,andz_[1_3i l+i]'
4i —4i

Theorem 11.2.2

[fA € Myyn(C) and 7 € C*, then A7 = A 7.
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