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Matrix Mappings
In This Lecture

« We will continue our examination of general linear mappings L : WV — W .
+ We will notice some differences between our previous results and this general case.

Matrix Mappings

We now show that every linear mapping L : W — W can also be represented as a matrix mapping.
However, we must be careful when dealing with general vector spaces as our domain and codomain.

For example, it is impossible to represent a linear mapping L : P2(R) — Mz«2(R) as a matrix mapping of the form
L(x) = A% since we can not multiply a matrix A by a polynomial in P2(R). Moreover, we would require the result to
be a 2 x 2 matrix.

To make this work, we must find a way to represent any vector in any vector space as a vector in B”. To do this, we
will use coordinates.

Definition: If B = {¥,,....¥,} is a basis for a vector space V and ¥ = b;¥; + --- + b, ¥, € V, then the
coordinate vector of ¥ with respect to B is
by
Fls =| :
by
We will use coordinates of a vector to turn polynomials in P2(R) into a vector in B*.
We can interpret A[X]g as the coordinate vector of the image with respect to some basis for Ma.2(R).

L&)]e = ARz
where B is a basis for P2(R) and C is a basis for Max2(R).
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Matrix Mappings
Let L : WV — W be a linear mapping, let B = {¥,,....7,} be a basis for V and C be a basis for W Forany ¥ € V
we want to define a matrix A such that

[L()]e = AV forall¥ e W
Consider the left-hand side [L(¥)]¢.
Using properties of linear mappings and coordinates, we get

[L)]e = [L(B1¥1 + =+ + ba¥n)]e
= [blL({;l) + -t bRL(‘_':ﬂ)]C

= bi[LF)]e + - + Ba[L(Fa)]c
by

= [LEDle -~ [LEW]]
by
=A[]p
Thus, we see the desired matrix is

A=[LEle - L]

Matrix of a Linear mapping

Definition: Suppose B = {¥,...,¥,} is any basis for a vector space V and C is any basis for a finite

dimensional vector space W. Then the matrix of L : ¥ — W with respect to bases B and Cis
cllls = [[LGle - [LEe]

It satisfies
L] = c[Llpl¥lg. foral¥ eV

Note the following:
+ The forward subscript of the matrix of the linear mapping is the basis of the domain and the backward subscript

is the basis of the codmain.
o [fWV =R"and W = R™ and B and C are the respective standard bases, then this matches the definition of the

standard matrix.
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Matrix of a Linear mapping

Example
Let B = {¥;,¥,,¥;} be a basis for vV and C = {#, Wy, W1, s } be a basis for W_If L : ¥ — W is a linear mapping such that
L(Ty) = 2%, + 30, — ity
L(F3) = Wy + 3y + 20 — ¥,
L{¥s) = —wy + 2y
5
find the matrix -[L]s of L and use it to find L(X) where [F]z = [—3 ]
1

Solution
By definition, we have

cllls = [[LGF)]e [LODle [LE3)e)

We have
2 1 -1
N 3 N 3 N 0
[LF)e = 0 [LF)]e = 5 [LFs)]e = 0
-1 -1 2
Hence.
2 1 -1
- 3 3 ]
cllls = [[LE)]e LGl [LE)c] = 0 2 o
-1 -1 2

Matrix of a Linear mapping

Example
Let B = {¥;,¥,,¥;} be a basis for vV and C = {#, Wy, W2, Wa } be a basis for W_If L - V¥ — W is a linear mapping such that
L(B1) = 2 + 3, — ity
L(¥) = Wy + 3, + 200y — iy
L{¥3) = —wy + 2y
5
find the matrix -[L]z of L and use it to find L(X) where [¥]z = [—3 ]
1
Solution

By definition, we have

2 1 -1 5 6

3 3 0 6
[[{ﬂ]c = c[L]s[ﬂs = - -3|=

0 2 0 1 -6

-1 -1 2 0

This is the C-coodrinate vector of LX), so by definition of coordinates.
L(F) = 6y + 67 — 6%
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Matrix of a Linear mapping

Example

a-b|

= {2}y rome={lo oo 2 ]i]w oly

Let T : B? — M,,»(R) be the linear mapping defined by T(a, b) = [a _(; b 0

Determine ¢[T]g and use it to calculate T(¥) where [¥]g =

Solution

To find -[T]g we need to determine the C-coordinates of the images of the vectors in B under T.

10
0 3

That is, we need to find ¢1, ¢2, c3, ¢4 such that

We have T(2,-1) = [ } . We need to write this matrix as a linear combination of the vectors in €,

1 0 11 1 0 1 1 0 0
[o 3]_“[0 0]”2[0 140 1]”4 1 0]
We row reduce the corresponding augmented matrix to get
1 1 1 01 1 0 0 0]-=2 -2
1 01 0]0 01 0 0|1 1
000 1/o|"foo 1 0|2 |THEED=l,
01 1 0|3 00 0 1|0 0

Matrix of a Linear mapping

Example

a-b|

e (e 3 1

Let T : B? — M,,»(R) be the linear mapping defined by T(a, b) = [a _(; b 0

Determine ~[T]g and use it to calculate T(¥) where [¥]g =

Solution
Similarly, We find that

3 0 11 10 11 00
T(l,Z):[O _1}=4[0 0]+3[0 1]+(—4)[0 1]+0[1 0]

4
so, 1121 =| 3, |
0
Hence,
2 4
[Tls = [[T2.-D]e [T(1.2)e] = ; —4
0 0

Page 4 of 5
© University of Waterloo and others




MATH 235
Module 08 Lecture 5 Course Slides
(Last Updated: March 26, 2014)

Matrix of a Linear mapping

Example

+b 0
a—bl

an={ A} [o]}eeme={lo o} o 2 H]H ol

Determine [Tz and use it to calculate T(¥) where [V]z = [_

Let T : R? = M,,,(R) be the linear mapping defined by T(a, b) =

Solution

Thus, we get
—lfl
[T®le = cITIsls = ; - [ ]

The,efore,r@=(_15}[[1) (1]]—7[(‘) ?]+16[[1) ”+(0)["r1J g]=[—07 g]
Check:

- 20 L1 _ 11 e _ |7 0
Wehavev—z[_l] 3[2]—[_8].And]"(1, 8}—[0 g]asbefore.

Matrix of a Linear mapping

Example

a-b|

e (e 3 1

Let T : B? — M,,»(R) be the linear mapping defined by T(a, b) = [a _(; b 0

Determine ~[T]g and use it to calculate T(¥) where [¥]g =

Note:

« Although it is easier to solve for T(¥) using the latter method, the matrix -[T]g helps us to better understand the
linear mapping T and see its properties.

« For any linear mapping L : W — W we generally have Range(L) # Col( ~[L]g). In particular, the columnspace
of a matrix is a subspace of ", while Range(L) can be a subspace of some other vector space (ie. Ma,o(R)).
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