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Maximizing and Minimizing Quadratic Forms

In some applications of quadratic forms we want fo find the maximum and/or minimum of the quadratic form subject
to a constraint.

Most of the time, it is possible to use a change of variables so that the constraint is ||X]] = 1. Thatis, given a
quadratic form Q(3) = X7 A% on R we want to find the maximum and minimum value of Q(%) subject to ||Z]] = 1.
For ease, observe that we can rewrite the constraintas 1 = ||7* = xll + e 4 X2

Maximizing and Minimizing Quadratic Forms

Example

Find the maximum and minimum of Q(x;,x;) = 2x13 + 3x% subject to the constraint ||Z]| = 1.

Solution
We have
1 1 3
2002 o(Z5 )3
1 43\ 11 B
Q(E’T)_T 00,1)=3

We have that
OCer.xp) =237 + 323 < 3 + 33 =32 +x3) =3
since ||Z]* = 1 implies xexi=1
Hence, 3 is an upper bound for Q(xy,x1), and (0, 1) = 3, so 3 is the maximum value of Q(x;, x3).
Similarly, we have that
Qr.x) =22 +33 > 2 + 23 =22 +x3) =2

So, 2 is a lower bound for Q(x;,x), and @(1,0) = 2, so the minimum value is 2.
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Maximizing and Minimizing Quadratic Forms

Example

Find the maximum and minimum of Q(x;, X, x3) = 4x? + 4x,x; + 4xx3 + 4x2 + 4x,%3 + 4x2 subject to
¥4xi+x=1

Solution
4 2 2

The symmetric matrix correspondingto QisA =|2 4 2 |. We can find that the eigenvalues of A are 4; = 2,
2 2 4

42 =2,and A3 = 8. Thus, by Theorem 10.3.1 there exists an orthogonal matrix P = [¥; ¥, 73] such that the
change of variables y = PT¥ brings Q into diagonal form

0F) = 3 + 22 + 82
We have

0 = 2y7 + 2y + 8y < 8y} + 8 + 83 =807 +¥3 +¥D)

Using the change of variables and that P is orthogonal, we have that

31l = I1PZ) = 1%l = 1
Thus, we do have y? + y% + 33 = 1, and so Q(¥) < 8 for ||¥]| = L.
Thus, 8 is upper bound for Q(%).

0

Takingy = | 0 | gives Q(¥) = 8, so 8 is indeed the maximum.
1

Maximizing and Minimizing Quadratic Forms

Example

Find the maximum and minimum of Q(xy, x5, x3) = 4x7 + 4xyp + dxyx3 + 4x2 + dxpxs + 4x2 subject to

2424 .2
x+xy+x; =1

Solution
Similarly
0@ =27+ 23+ 23 =207 +y3 +¥3) =2
]
Thus, a lower bound of () is 2, and this value is achieved when ¥ = | 0 |. So, 2 is the minimum.
0
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Maximizing and Minimizing Quadratic Forms

Example

Find the maximum and minimum of Q(xy, x;, x3) = 4x7 + dxyx; + 4oy xz + 43 + dxpxz + 4x7 subject fo
x24x2+xl=1

Solution

We get the diagonal form of Q(%) by applying the change of variables ¥ = PT%, which can be rearranged to ¥ = Py.
0

Since ¥ = [0] gives the maximum value of Q(X), we have that
1

As P is an orthogonal matrix that diagonalizes A, ¥ is a unit eigenvector of A corresponding to the eigenvalue 8.

Repeating this procedure, we see that the minimum 2 is obtained when

1
I=P0|=%
0

a unit eigenvector of A corresponding to the eigenvalue 2.

Maximizing and Minimizing Quadratic Forms

Theorem 10.5.1

IF Q) = FATisa quadratic form with symmetric matrix A, then the maximum of Q(x) subject to ||Z]| = 1 is the
largest eigenvalue of A and the minimum of Q(x) subject to ||X|| = 1 is the smallest eigenvalue of A. Moreover,
the maximum and minimum occur at unit eigenvectors of A corresponding to the respective eigenvalues.

Proof
Since A is symmetric, by the Principal Axis Theorem we can find an orthogonal matrix P = [?L 13,‘] such
that PTAP = diag(i1, ..., 4,) such that 4y > 1 > - > .
Using Theorem 10.3.1, we get that the change of variables ¥ = PTx brings Q(%) into diagonal form
QG) = gyf + - + 4ny3

Then, ||¥]| = |PTZ|| = ||Z]| = 1 since P is orthogonal.
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Maximizing and Minimizing Quadratic Forms

Theorem 10.5.1

If Q&) = ¥ A¥ is a quadratic form with symmetric matrix A, then the maximum of Q(%) subject to ||Z]| = 1 is the
largest eigenvalue of A and the minimum of Q(¥) subject to ||¥]| = 1 is the smallest eigenvalue of A. Moreover,
the maximum and minimum occur at unit eigenvectors of A corresponding to the respective eigenvalues.

Proof

Since 4; = 42 2 -+ = A, we now see that
O Syl + -+ dyi =h0i+ -~ +¥D) =14
and
QX 2 Ay + o + A =40+ +3D) =y
Moreover, we have Q(X) = A at ¥ = €; which gives ¥ = Pé; = ¥, a unit eigenvector of A corresponding to 4.
Similarly, Q(¥) = A, at ¥ = &, which gives ¥ = P¢, = v, a unit eigenvector of A corresponding to A,.
Therefore, the maximum of Q(¥) is 4; and occurs at X = 7y, and the minimum of Q(¥) is 4. and occurs at ¥ = ¥,.

O

Note: The vector where the maximum and minimum of Q(X) occurs is not unique.
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