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Orthonormal Bases and Orthogonal Matrices

Last Lecture

= We defined an orthogonal basis | v|. ... , v, | for an inner product space ' to be a basis for ' such that
(T',-.Tj y=0foralli £j.

= We also defined an orthonormal basis | V). ... . v, | for an inner product space ' to be a basis for V' such that
(Vi. iy = 0foralli #j and [[y;]| = \.e"'(T',-.T',-:} =lforl <i<nm.

In This Lecture

s We will show that these bases are easy to use and very useful.

Orthogonal and Orthonormal Bases

Theorem 9.2.4

[f 5 = 1{v..... W is an orthogonal basis for an inner product space W and v € W, then the coefficient of v; when
v is written as a linear combination of the vectors in B is

";;i.l

- 2
[[v:ll”
In particular,
I AT I (Vv _
V= — Ij V4o — ”j Y
(vl v, 117
Proof
Consider
1_:(|1|+ + o,y
Then,
WV ={c1v] + = + V. Vi)
= (V. Vi) + o (V. Vi)
=04 +04+glHI1°F+0+- +0
= v.vi) .
Since v; # 0 we get¢g; = —for | <i<m.
[vill®
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Orthogonal and Orthonormal Bases

Example
Verify that 5 = { 1, x, 3¢ — 2} isan orthogonal basis of P () with inner product defined by
(pixigxiy = pi—=lLigi—=11 4+ piligi0) + p(Ligil)

and find the coordinates of 1 +x + x* with respectto f5.

Solution
First, we have that

{(L.xy={hi—-L+ 1+ I{1h=0
(1.3 =2y =D+ =21+ Lih=0
3 =2y ==+ 0214+ 1(Hh=0

Hence, /5 is an orthogonal set of 3 non-zero vectors and therefore is a linearly independent set of 3 vectors in a

3-dimensional inner product space, and so #5 is an orthogonal basis for £ ().

Orthogonal and Orthonormal Bases

Example
Verify that 5 = { 1. x. 3 —2}isan orthogonal basis of P () with inner product defined by
(pixigxiy = pi—=Ligi—=1 4+ piigi0) + piLigil)

and find the coordinates of 1 +x + x* with respectto /5.

Solution
To find the coordinates of | +x + x° we use Theorem 9.2.4. We get
(+x+. D=L+ Hh+3)=5
(Irx+2. ==+ 0O +31)=2
(r+a. 3 =2y =1 + =24+ 3(1) =2
M= n=1"7+12+12=
lell> = (e.xh = (=1)* +0% + 1
B =2 =(3x2 —2.32 -2y = |

3

Thus,

| +.\'+.\'2 =—{l)+ lix)+

La| Lh
a
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Orthogonal and Orthonormal Bases

Example
VI 1Ty [ e
Theset 5 = v, v = ivI .l o || =2/4/& |} is an orthonormal basis for L. Find the
— 13 1742 I TNGY
|
coordinates of ¥ = | 2 | with respect to /5.
3
Solution
We get
Y= XV (R v (X v
| 143 1z 11/6
21=0 ]’\T +i2\2_l 0 — /6 —2/\/6
3 —1f \T 1/ \2_ —1/ y 3
Orthogonal Matrices
Recall if 5 = {v|.....w ! and C are both bases for a vector space '/, then the change of coordinates matrix from
B-coordinates to C-coordinates is
P =[ile = [le]

It satisfies [X],. = Pgs[X];-

In our example, the change of coordinates from the basis 55 = { [U'.’Sg] . [_ s 9] } to the standard basis

(1)

os@ —sind
Pg =" =R
s [.smé? cos ¢
We find that
o po-l_ | cos@ sm@| _ o 4o
pPs =1sPg)r = [—.\mé' -;‘0.\9} =(sPp)
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Orthogonal Matrices
Theorem 9.2.6

If P € Mp,q(R), then the following are equivalent:

1. The columns of P form an orthonormal basis for R™.
2 PT=p1
3. The rows of P form an orthonormal basis for R™.

Proof
(1)< (2y Let P=[5; --- y,] By definition of matrix multiplication we get
i UpTy eV - Uy-TUp
v ) Do-Ty Do-Ty --- Dp-Tnm
PTP= | : o Uy | =
o Ll LT Ll
‘Un.vl U“.U2 - Uﬂ-vﬂ

Therefore, PTP = T'ifand only if %; - U; = 1 forall 1 < i < n, and ; - U; = 0 whenever i # j. Thatis, PTP = T if
and only if {Ty, ..., ¥y} is an orthonormal basis for R™.

Orthogonal Matrices
Theorem 9.2.6

If P = Mpyxni([), then the following are equivalent:

1. The columns of P form an orthonormal basis for 2"
2 pT =p~!
3. The rows of P form an orthonormal basis for 2"

Proof
(2) = (3)
T
Wy
Let P = : |- By definition of matrix multiplication we have
=T
th‘
_ W W oW Wy oW
H';Ir _I _I _I 2 _I _n
— — L L ) Wy - w
PPT =| : ||w | = !
T
W — _ _ — — —
n H'” . Hll H'” . le H'” . H'”
Thus, as above, PPT = [ifand only if |y, .... W, is an orthonormal basis for [.".

Page 4 of 5
© University of Waterloo and others



MATH 235
Module 09 Lecture 11 Course Slides
(Last Updated: February 13, 2015)

Orthogonal Matrices

Definition: Let P £ My () whose columns form an orthonormal basis for X", Then, P is called an orthogonal
matrix.

Example

Which of the following are orthogonal matrices?

0 0 1 AT VAV RN VAV NG
@A=|1 0 0 LB =| 1//2 0 1/y2 () C = [ "___:_
U ] U _ ], \.(T 2, \,(T _ ]., \,E i T

Solution

(a) Since its columns are standard basis vectors, they form an orthonormal basis for R* and hence A is orthogonal.
(b) Observe that the dot product of the first and second row is not 0, so the rows are not orthogonal and hence B is not
orthogonal.

(c) We have cTe =1 So, CT =" and hence Cis orthogonal.

Orthogonal Matrices

Theorem 9.2.7

If P and @ are 1 X 1 orthogonal matrices and x. y € R, then:

1. (Px)- (Py)=X-¥

2 |1Px]l = 1|l

3. det P ==l

4. All real eigenvalues of P are | or —1.
5 P is also an orthogonal matrix.

Proof

We will prove (1) and leave the others as exercises.
(1) We have
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