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Projections
In This Lecture

« We return to our purpose for looking at orthogonal complements: to define the projection of a vector ¥ onto a
finite dimensional subspace W of an inner product space V.

Projections

Recall that we want to find projy,(¥) and perpy, (V) such that
¥ = projy, (V) + perpy, ()
with projy, (¥) € W and perp,, () € W+,

Suppose that dim W = n, {V;, ..., 7} is an orthogonal basis for W, and {Vi+1, ..., v} is an orthogonal basis for
W, Then {1, ..., V. Vi1, -.. , ¥ } is an orthogonal basis for V. Hence, for any ¥ € W we get
L ). v, %) L V, Vke1) o V,Vn)
v={+ 12} A {* Az} (*H]j) V"c+l+“‘+<_. 2)1);.-
[V ] V11 P 1I° 1911
Definition: Suppose W is a k-dimensional subspace of an inner product space V and {¥,, ..., V;} isan
orthogonal basis for W. For any v € V we define the projection of ¥ onto W by
projy, () = (¥, ¥) 3, (V. ¥e) 3
Wi = ——2 e A
111 %112

and the perpendicular of ¥ onto W by
perpyy(¥) = ¥ — projy(v)
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Projections
Theorem 9.4.3

Suppose W is a k-dimensional subspace of an inner product space V. For any ¥ € V, we have

perpy,(¥) = ¥ — projy, (V) € W+

Proof

(%) (%% .
T VI Y
vl lIvell

By the Gram-Schmidt Orthogonalization Theorem, {V1, ... , ¥k, perpy,(V)} is an orthogonal set.

Therefore, perp,, (V) € W~ by Theorem 9.4.1.

perpy, (V) = ¥ — projy, (V) = ¥ —

O

Note: The formula for the projection requires us to have an orthogonal or orthonormal basis. For this reason these
are sometimes called orthogonal projections. Be careful when doing problems with projections that you have at
least an orthogonal basis for the subspace you are projecting onto.

Projections

Theorem 9.4.4
If WV is a k-dimensional subspace of an inner product space W, then projy, is a linear operator on ' with kernel Wt

Theorem 9.4.5

If WV is a subspace of a finite dimensional inner product space W, then for any v € ' we have

Prof, Liv) = perpgdvi
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Projections
Example
| —1 2
Let 5 = 200 1 be an orthogonal basisforasubspace?:-"-b"ofﬂ{"' andletx =| 1 |
1 —1 3
Determine projy,(x) and perpry, (X).
Solution
1 —1
Lletvy =| 2 |andv: =| 1 | Then,
1 —1
— 547
@R EW) ! L ]] 3-']—
Projy(X) = —— i — 1 ==|2 — =
[ 2l o1, 312
2 5/2 —1/2
perpy,(X) = X — projy,(x) = 1 | - =| 0
3 5/2 1/2
Projections

Notice that if we have an orthonormal basis | vy. ... . v | for W, then the formula for the projection simplifies to

Projy (X = {X.v vy + = + (X

Example

/2 12 2 -2 2 5
Lets = Span ]'h LS - }beasubspaceofM:x:t\R] andletA = } ‘% . Determine

2ol - -

proj5(A)and perps (Al
Solution

2 /2 2 —12
We can easily verify that an orthonormal basis for Sis 5= {B|. By} = { [ 1; ;;] . [ 1: 1;] }_Thus,

we get

S . ) . 212 =13 {12 =12 -5/2 4
projs (Al = (AL BB + (A, B2 1By = [].-”-" 1..-’2]+ 3 [];,,_, _]II,,}]z[ 5/ 4]

25 52
perps(A) = A — projeid) = [ }, ‘,:] - [ :‘—\; j] =

92 1
972 —1
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Projections

Example
Let VW = Span{ |. x| be a subspace of P;{[) under the inner product {p. g} = p(Oig(0) + pi g 1) 4+ pi2)g(2) .

Determine projy, (X7 ).

Solution

We first need to apply the Gram-Schmidt procedure to { 1. x} to find an orthogonal basis for W/

Let p;(x) = | and then

{x.1; O(1 + 1o+ 201
Paix) =X — —l=x—-—— 1 =x -1
|I1] =+ 1"+ 1°
Therefare, our orthogonal basis for Wis { 1.x — 11},
R o ) (xX.x—1)
PrOjy, (x°) = - + — (x— 1)
(1= [lx — 1|7
DCh 4+ 10 +40 O(=1) 4+ 10y +401)
= I I - 1+ - - — (x— 1)
'+ 1+ 1 (=1 +0°+1°
3
= - 1 +:(_.\'— ]I
o
=L — =
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