MATH 235
Module 10 Lecture 24 Course Slides
(Last Updated: March 26, 2014)

Singular Values

We have now seen that symmetric matrices can be orthogonally diagonalized.
If we don't have a symmetric matrix, we still may be able to diagonalize it.
We have also seen that if a matrix has all real eigenvalues, then we can triangularize it.

To do all that was mentioned we must have a square matrix, so what do we do if we get an m X n matrix with
m# n?
We will figure out the answer to this question in the next couple of lectures.

Singular Values

Example

1 2
LetA = [—2 1 ]and let L be the linear mapping L(xX) = AX. What is the maximum and minimum of || L(x)]|
1 -2

subject to the constraint ||Z|| = 17

Solution
We get
ILEIP = I4Z]* = (A7) - (AF) = AF)T(4%) = ¥ (ATA)R
We can solve this easily by using Theorem 10.5.1.
Thus, the maximum occurs at the largest eigenvalue of ATA and the minimum at the smallest eigenvalue of ATA.

We have

6 -2
ATA =
|5 7]
which has eigenvalues 4; = 10, 4, = 3.
Thus, the largest eigenvalue of ATA is 10, so the maximum of ||L(Z)||? is 10.

To find the maximum of ||L(¥)]| we need to take the square root of ||L(¥)||*.
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Singular Values

Example

1 2

LetA = [—2 1 ]and let L be the linear mapping L(X) = A¥. What is the maximum and minimum of ||L(Z)]|
1 -2

subject to the constraint ||Z|| = 17

Solution

So, we get the maximum of | L(¥)|| subject to ||Z]| = 1 is +/10.

Similarly, the minimum of ||L(Z)|| subjectto [|Z]] = 1 is +/3 .
—1//3
WINGY

. ~ 2437 . o _
We find that a unit eigenvector for 1; = 10is ¥, = [ ] and V2 = [1}’3?] is a unit eigenvector for iz = 3.

We easily verify that

35 45
LGOI = || 445 || = vI0 ILEDN = (|| =31/5 ||| = V5
-5 0
Singular Values
Theorem 10.6.1
If A is an m X n matrix and 1y, ..., 4, are the eigenvalues of ATA with corresponding unit eigenvectors ¥, ..., %,,

then 44, ..., A, are all non-negative and

1451 = /&

Proof
For 1 < i < n we are assuming that ¥; is an eigenvector ofArA, so this means thatATAi»“- = A% Thus, we get
AT = (A7;) - (A7) = (AT)TAT; = vTATAT= % (4F) = 4G: - %) = &

Therefore, J; is equal to the non-negative number [|A%;||?, and the result follows.

O

Note: From the example before the Theorem, the square root of the eigenvalues of ATA are the maximum and
minimum of values of ||AX|| subject to ||%]| = 1. So, these are behaving like the eigenvalues of a symmetric matrix.
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Singular Values

Definition: The singular values e, ... , o, of an m X n matrix A are the square roots of the eigenvalues of ATA
arranged so thatey > 03 = - > g, = 0.

Note: By definition, we must arrange the singular values from greatest to least.
The reasoning for this is similar to what we saw in Theorem 10.5.1: we want to know where the largest and
smallest ones are. In particular, we need to ensure all of the 0 singular values are at the end.

Example

Find the singular values of A = [_11 % _11]

Solution
2 -1 =2
We have ATA=|-1 35 1]
-2 1 2

We find that the eigenvalues of ATAare 0,6 and 3.
Thus, the singular values of A are oy = 46, w = /3 ,and o3 = 0.

Singular Values

We know that the number of non-zero eigenvalues of a square matrix A equals the rank of A.
In the example and the check-in, we got that the number of non-zero singular values of A equaled the rank of A.
To prove that this is always the case, we just need to prove that the rank of A”A equals the rank of A.

Lemma 10.6.2

If A is an m X n matrix, then Null(A”A) = Null(A).

Proof
Assume ¥ € Null(4), then A% = 0 and ATAX = AT0 = 0, hence ¥ € Null(ATA).
So, Null(4) C Null(ATA).
Assume X € Null(ATA).
If ATA% = 0, then
IAZ]|? = (A%) - (AF) = (AD)' (A0 =T ATAT =370 =0
Hence, A% = 0 and so ¥ € Null(4).
Thus, Null(ATA) € Null(A), and consequently Null(4) = Null(4” A).
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Singular Values

Theorem 10.6.3

If A is an m X n matrix, then rank(ATA) = rank(A).

Proof

Using Lemma 10.6.2 and the Dimension Theorem, we get
rank(ATA) = n — dim(Null(4T4)) = n — dim(Null(4)) = rank(4)
Corollary 10.6.4

If A is an m x n matrix and rank(A) = r, then A has » non-zero singular values.

We see that the singular values of a matrix A have a lot of the same properties that eigenvalues have.
This should not be surprising, since we have defined singular values in terms of eigenvalues: they are the square
roots of the eigenvalues of ATa
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