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The Cayley-Hamilton Theorem

1 2

Consider A = [3 2

]. The characteristic polynomial is

Cy=i2-31—4

2 ar a7 6] a1 2] 4 0]_Jo o
A 41‘[9 10] 3[3 2] [0 4]‘[0 0]

So, A is a root of its characteristic polynomiall

For our matrix A we get

We now prove that this is true for every matrix A.

The Cayley-Hamilton Theorem
Theorem 11.6.1 - The Cayley Hamilton Theorem

If C(4) is the characteristic polynomial of an a x n matrix A, then C(4) = Oy

Proof
Let () = (=12 + ¢y ™t 4 o+ A+ ¢
We now consider the polynomial
CX) = (-1'X™ + euaX™ 4 o 4 01X + col
whose argument is a matrix X
By Schur's theorem, there exists a unitary matrix I and upper triangular matrix T such that U*AU = T

Ay fyp o Mgy

Az 1

Since the eigenvalues i, ... , i, of A are the diagonal entries of T we have T = o
0 - 0 A4

Moreover, we know that the roots of the characteristic polynomial are the eigenvalues of A. Thus, we can factor C(X) as
CiX) = (X — D)X — dod) - (X — Aul)
Therefore,
C(T) = (T — LI0T — Aod) -+ (T — 2aI)
We will show that C(T) is the zero matrix by showing that the first k-columns of (T — A,J)(T — A.I) - (T — i) only contain
zerosforl <k < n.
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The Cayley-Hamilton Theorem
Theorem 11.6.1 - The Cayley Hamilton Theorem

If C(4) is the characteristic polynomial of an a x n matrix A, then C(4) = Opa.

Proof
Ay

Observe that the first column of T — 447 is zero since the first column of T is
1]
Assume that all entries of the first k-columns of (T — iy J)(T — AzI) -~ (T — A4y only contain zeros.
Then, it is easy to verify that the first £ + 1 columns of (T — A:T) -+ (T — 41T — iz+1d) only contain zeros.
Thus, by induction, C(T) = Op.
We now observe that since 4 = UTU* we have
C(A) = CUTU")

= (=1 UTU*Y + = + ct(UTU*) + col

= (=1*"UT"U* + - + i UTU* 4 coUU*

=U[-1'T" + = + &, T + ¢l | U*

=vcnu*

= Oy

as required.

The Cayley-Hamilton Theorem

A natural question to ask is if the converse of the Cayley-Hamilton Theorem is true.
That is, if p(x) is a polynomial such that p(4) = O, then must p(x) be the characteristic polynomial of A7

Unfortunately, the answer is no. The converse of the Cayley-Hamilton Theorem is not frue.
0 0 1

For example, the matrix A = [0 0 0] satisfies A? = 033, but the characteristic polynomial of A is C(1) = A2
0 0 0
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The Cayley-Hamilton Theorem
What does the Cayley-Hamilton Theorem say about the inverse of a matrix?
Assume that A is an invertible matrix with characteristic polynomial

CA) = (=14 + cngd™ ' + =+ c1d + g
Observe that since A is invertible, we must have ¢; £ 0.
Then, the Cayley-Hamilton theorem gives

(—1VA" + ¢, A + e+ A+ ol = O,

Hence we can solve the equation for I. We get

I= —6—10 ((1rA” + cua A + o+ 0A? + 1) = — Clo (1A 4 A" + o + A+ c1DA
Thus,

Al =— Clu (1At + e sa™ 2+ 4 A + o)
and so the Cayley-Hamilton Theorem gives us a formula for the inverse of an invertible matrix A as a linear

combination of powers of A.

The Cayley-Hamilton Theorem

Example

1 1 -3
LetA = [2 0o 2 ] Write the inverse of A as a linear combination of powers of A.

1 1 1
Solution
We have
1-4 1 -3
c=| 2 -2 2 |=2-272+38
1 1 1-4
Thus, by the Cayley-Hamilton Theorem, we have
A? 242 £ 8] = O3
A* 247 =8I
143, 1 42
- EA + 1 A® =7
1 1
A(-1A2+24) =1
Al =-1A%+324

Page 3 of 3
© University of Waterloo and others




