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The Gram-Schmidt Procedure

Last Lecture

* We saw that orthonormal bases are very useful.

In This Lecture

« We will learn how to use the Gram-Schmidt procedure to turn a basis | w. ... . wy | for a subspace WV of an inner
product space ' into an orthogonal basis {v|. ... . v | for W

The Gram-Schmidt Procedure

First consider the case where 1l is a 1-dimensional subspace of an inner product space . Then, we have a basis

{w) | for WW. Since | w } is an orthogonal basis for W/, we can take v| = w.

Next, consider the case where W is a 2-dimensional subspace of W with basis { wy. w7 |. Starting as in the case
above we take vi = w'|. We now need to prove that there must exist a vector v2 in W\ that is orthogonal to vy .

-

Assume there is a vector vz in VY such that | vi. v2 | is an orthogonal basis for V. Since w2 is in W/, we can write it as
a linear combination of the orthogonal basis vectors. Using our work from last lecture we get

- (wa.vp) 0 dwalva)
Wa = — v+ — Va
[l [Vl
Since w2 is not a scalar multiple of wi = v| we must have have (w2, ) £ (0.

Solving for v2 we get

- IFall” |- (wa. ) -
= ———— (W2 ———— V)
(w2,vz2) [[vi 117

We then take v; = w,y —

Page 1 of 4
© University of Waterloo and others




MATH 235
Module 09 Lecture 12 Course Slides
(Last Updated: May 2, 2013)

The Gram-Schmidt Procedure

We need to prove that a vector v2 defined this way does have the desired property.

Defining v, = wy; — ———

— 5 fwa.vyy sy g
(v = VLW — T Vi = v wa) —iwav ) = 0
[l ll”

[

Consequently, { V| . v, } is an orthogonal set of 2 non-zero vectors in W/ and hence is an orthogonal basis for /.

We can continue to repeat this procedure for 3, 4, etc. dimensional subspaces VW of W'
Doing so produces the following result.

The Gram-Schmidt Procedure

Theorem 9.3.1 - Gram-Schmidt Orthogonalization Theorem

Let [ wi. .... wy| be a basis for an inner product space V. If we define vi. ... . vy successively as follows:
vi=w
_ _ {(wa.v1)
V2 — W2 — — 5 VI
[Pl
5 o (wivy) {wi. vy} _ (Wi vir) - s m o
Vi =Wy — — N = ——— V= v ————— Vi for3 <i<n
vl [[v2]1° e 117
then { V). .... Vil is an orthogonal basis for Span{ w. ... .w;} for 1 <7 <.

The algorithm defined in this theorem is called the Gram-Schmidt procedure.

This theorem shows that every finite dimensional inner product space has an orthonormal basis. We will use this fact
constantly throughout the rest of the course.
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Example

Use the Gram-Schmidt procedure to find an orthonormal basis for the subspace of R defined by
1 —1 1

. 0 1 1

5 = Spa . .

P Lo [

1 0 1

Solution

Label the vectors in the spanning set for S as w . Wy . W respectively.

1
First Step: We first take v| = w| = 8 . Then, { V] } is an orthogonal basis for Span{ w }.
1
—1/2
B L P I
Second Step:v; =Wy — ————— V| = ]
vl

For simplicity in the next calculations, we multiply this vector by 2 to get v, = _Then, {v,.3: } iz an orthogonal

— oo |

basis for Span{ wy. Wz |.
The Gram-Schmidt Procedure

Example

Use the Gram-Schmidt procedure to find an orthonormal basis for the subspace of R4 defined by

1
1
ol [
1

5 = Span
1 0
Solution
2/5 2
) — o wavy o {unow) o 1/5 - I
Third Step: vy = w3 — ——— Vv — ———— W = 15 So, we take vy = |
(vl vl |

_ _

We now have that { V|, V.. vy | is an orthogonal basis for 5. To obtain an orthonormal basis for S, we simply divide
each vector in this basis by its length. Thus, we find that an orthonormal basis for S is

1142 —1/+/TO 27410
0 2/4/T0 1/4/T0
0 - 244/ 10 NNV V10
1/+/2 1/+/T0 =2//T0 |
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The Gram-Schmidt Procedure

Example
Use the Gram-Schmidt procedure to find an orthogonal basis for the subspace WV of M. () spanned by

S N e B S B

1AL A2 A Ay} = {

Solution

Take B| = A|. Then

(A B -2 =3 —10 | 1 2
Az — - B = - - =
181117 Lol 7ol

So, we take B = [_} :

] . Next, we find that

(A3 B {As;.B1) S p— —1 2 =25 0
g A0 L A ;’33:[\_ )J}_T[J] ]]_ [4 Jﬁ}:[
181117 [1B2” - LT
What happened? A3 is a linear combination of B| and B;. In particular,

M [f k]

A2

-1

1 2

-1 1

4"'13 =

S0, A3 can be ignored and we can move to the next vector in the set.

The Gram-Schmidt Procedure

Example
Use the Gram-Schmidt procedure to find an orthogonal basis for the subspace W of M. (L) spanned by

S S R

1AL A2 A Ay = {

Solution

We then have

0
0

{(As. B {As. B2}
By=Ay - —=—L B - —=—15,
[1B111° [182117
_|7 oo _Tro2f_ 284
o oo 71=1 1 5|3 =3
s <148
s s
Thus, {B. B:. B1| is an orthogonal basis for V.
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