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Change of Coordinates
Last Lecture

¢ We looked at how to find the coordinate vector of a vector with respect to a basis.

In This Lecture

« We will find a quick way of converting the coordinates of a vector with respect to one basis to the coordinates of
the vector with respect to another basis.

Change of Coordinates

Let B = {#;,¥,,¥3} and C = {i¥;, it, W3 } be two bases for R>.
Our goal is to find the C-coordinate vector of ¥ in R if we are only given the B-coordinate vector of X.

by
Assume that [X]g = |:b2 }

by
That means that ¥ = b1¥; + by¥s + bavs.
Observe that
by
Fle = [b1¥1 + baVa + bavs . = b1 [Filc + balle + balale = [[File  Bale  [ale]| b2
b3

We call this matrix ¢Pg = [[\71]C [#]e [63]6] the change of coordinates matrix from B-coordinates to
C-coordinates.

Page 1 of 5
© University of Waterloo and others




MATH 136
Module 04 Lecture 24 Course Slides
(Last Updated: January 4, 2013)

Change of Coordinates

Example

1 2113
LetC = {[ 3 ],[ 1 ], [ 4 ]} be a basis for R>. Find the C-coordinate vector of anyx € R3.
1 1 1

Solution
To find the C-coordinates of any vector ¥ in R*, we will find the change of coordinates matrix from C-coordinates to

standard coordinates.
Our previous work shows us that

cPs = [[Eile [Elc [Elc]

We need to find ay, az, as, b1, ba, b3, c1, ¢2, ¢3 such that

(1] [2] 3 1
aill 3 |+afl|+a|d4|=]0
[ 1] [ 1] 1 0
[ 1] (2] 3 0
bl 3 +b2 1 +b3 41=11
| —1 ] [ 1] 1 0
(1] [2] 3 0
¢yl 3 |+cflf+es|d|=1|0
[ —1] [ 1] 1 1
Change of Coordinates
Example
1 2713
LetC = 3 .l 1|4 |}beabasis for R*. Find the C-coordinatevectorofanyie[R3.
-1 1 1
Solution

Row reducing the corresponding multiple augmented system gives

1 2 3|1 0 O 1 0 0] 35 -15 -1
31 401 0 (~(0 1 075 -45 -1
-1 1 1|0 0 1 0 0 1|-45 35 1
Thus,
35 15 -1
cPs=[Fle [ae [Ele]l=| 75 -45 -1
—4/5  3/5 1
So,
3oL
5x1 5x2 X3
X1
Fle = cPs|x2 | = le—ixz—J@
s 5 5
: 4 .3
511 5.762 X3
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Change of Coordinates

Let B = {¥;,...,¥,} and C both be bases for a vector space V.
IfX = by¥; + - + b,¥,, then
[Zle = [B171 + - + bpFule = bi[Filc + - + balFale = [File = [Falc|Fls

Definition: Let B = {¥;,...,7,} and C both be bases for a vector space V. The matrix
cPs=[File -~ [Dale]
is called the change of coordinates matrix from B-coordinates to C-coordinates. It satisfies
Fle = cPslEls

Change of Coordinates

Example
Let B = {1,x,x?}and C = {1,x + 1, (x + 1)?}. Find the change of coordinates matrix oPg from B-coordinates to
C-coordinates, and the change of coordinates matrix gP. from C-coordinates to B-coordinates.

Solution
To find P we need to calculate the C-coordinate vectors of the vectors in 3.
That is, we need to solve
1 =a;(1)+ ay(x+ 1) + as(x + 1)? = (a; + a5 + as)(1) + (@ + 2a3)x + asx>
X =by(1)+ba(x+ 1)+ ba(x + 1)? = (by + by + b3)(1) + (b2 + 2b3)x + b3x?
2 =D+ x4+ D+eslx+ 12 =(¢; + ¢ + ¢a)(1) + (¢ + 2¢3)x + ¢3x?

Row reducing the corresponding multiple augmented matrix gives

1 1 1|1 0 O 1 0 0f1 -1 1
01 2(01 0~ 0100 1 =2
0 0 1]0 0 1 0 0 1]0 0 1

Thus,
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Change of Coordinates

Example

Let B = {1,x,x?}and C = {1,x + 1, (x + 1)?}. Find the change of coordinates matrix oPg from B-coordinates to
C-coordinates, and the change of coordinates matrix g P, from C-coordinates to B-coordinates.

Solution

For gP¢, we need to find the B-coordinate vectors of the vectors in C.
Since B is the standard basis, we get these by inspection.

1 1 1
s = H [1+x]s =H, [(1+x)7%]s = H
0 0 1

1 11
BPC= 0 1 2
0 0 1

Notice that we can check our answer in this example by using ¢Pg to convert p(x) = a + bx + cx? from

In particular, we have

Thus,

B-coordinates to C-coordinates and then using g P, to convert it back.

Change of Coordinates

Example

Let B = {1,x,x?}and C = {1,x + 1, (x + 1)?}. Find the change of coordinates matrix oPg from B-coordinates to
C-coordinates, and the change of coordinates matrix gP. from C-coordinates to B-coordinates.

Solution

a
We have [p(x)]s = [b ]

c
Thus,
1 -1 1 a a—-b+c
[P(x)]c=cPB[p(X)]B=[O 1 —2][b]=[ b—Zc]
0 0 1 lle c
Then,
)]s = sPclp]c
1 1 1ffa-b+c
=[o 1 2][ 2]
0 0 1 c
(a-b+c)+(b-2)+c a
=[ (b—2¢)+2¢ ]=[b]
c c
as required.
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Change of Coordinates

LetA = pPc cPp.
We get that

A[Xlp = pPccPslilp
sPc[X]e

=[x]s

Using Theorem 3.1.4, this implies that A = 1.
Theorem 4.3.3

If B and C are both bases of a finite dimensional vector space V, then the change of coordinate matrices ¢Pg
and gP¢ satisfy
c¢PgsPc=1= gPccPs

A complete proof is provided in the course notes.
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