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The Cofactor Method and Cramer's Rule
Previously

* We proved a matrix is invertible if and only if the determinant of the matrix is 0.
* We saw that the determinant of a matrix is calculated in terms of cofactors of the matrix.

In This Lecture

o We will learn how to calculate the inverse of a matrix using the cofactors of the matrix.
« We will apply this to get another way to solve a system of linear equations.

The Cofactor Method

Definition: Let A be an n X n matrix. The adjugate of A is the matrix defined by
(adja), = G
In particular, adjA = (cof A)T.

Example
. a b
Calculate the adjugate of A = c dl
Solution
We have
u_|Cu1 Cuf|_|d -b
a4 = [CIZ sz] B [—C a ]
Theorem 5.4.2

If A is an invertible n X n matrix, then

1
-1 S c
T detA adj4

This is called the Cofactor Method of finding the inverse.
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The Cofactor Method
Example
2 1 -1
Findthe inverseof A=|1 3 -1 |using the cofactor method.
2 -1 2
Solution
We first find
2 1 0 2 1 0 2 1 0
detA=|1 3 2f=|1 3 2(=(-7 3 2{=13
2 -1 1 4 0 1 0 0 1
We get
Cin Cu Cxu 5 -1 2]
adjA=|Cn Cn Cn|=|-4 6 1
Ciz Cn G -7 4 5]
Hence,
1[5 -1 2
A‘1=E -4 6 1
-7 4 5
The Cofactor Method

There are two reasons why we would use the cofactor method.
First, the cofactor method gives us a formula for each entry of the inverse of a matrix.

1
. s -1 .

In particular, the ij-th entry of A™" is oA Cji.
Example

a 0 b
LetA={0 ¢ O | Assuming thatA is invertible, find A~*.

d 0 e
Solution
We get

detA = c(ae — bd) = ace — bed

ce 0 —bc
0 ae—bd O

—ed 0 ac

Assuming det A # 0, we then find that

L S S
" detA adjA ace — bed [
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Cramer's Rule

Consider the system of linear equations AX = b where A is an n X n matrix.
If A is invertible, then we know this system has a unique solution ¥ = A1,
But, we have just seen that

Al = ﬁ adjA
So, we may write the solution as
Cii - GCu | b1

C:ln b C:rm b‘n
Thus, the i-th component of X in the solution of AX = bis
_ b1Cy; + - + b, Cy;

= detA
If we let
an - @iy b oany e anm
Ai= :
Qpl  *t Qp(i-1) by, An(i+1) = Qmn
then we get det4;
X = —.
' detA

Cramer's Rule
Theorem 5.4.3 - Cramer's Rule

If A is an n X n invertible matrix, then the solution X of AX = bis given by

_ det A; 2z
= Qeta C='ET
where A; is the matrix obtained from A by replacing the i-th column of A by b.

Xi
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Cramer's Rule

Example 1

Solve the system of linear equations
Sxi+xx—x3=4
Oxi+x0—x3=1
Xx1—x2+5x3=2

Solution
51 -1
The coefficient matrixisA={9 1 —1 | sodetA =-16.
1 -1 5
Hence, Cramer's Rule gives
4 1 -1
1 3
xx=—I{1 1 -=1{=-=
-16 7 1 5 4
1| “1 g3
X2 = ? 9 1 -1{=—
- 1 5
1 g 1 T 21
X3 = — ==
-16 1 -1 2 8
Cramer's Rule
Example 2
a 1 4
AssumingthatA =0 & 3 [|isinvertible, find x; in the solution of
c 1 -1
-2
Ai=| -3
1
Solution
First, we have
detA = —ab —3a + 3c — 4cb
Thus, Cramer's Rule gives
1 -2 1 4 b—6
xx=——|-3 b 3 |=
detA 11 1 —ab — 3a + 3¢ — 4cb
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