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Diagonalization Examples

Last Lecture

* We derived an algorithm for diagonalizing a matrix or showing that a matrix is not diagonalizable.

Algorithm
To diagonalize the n X n matrix A, or show that A is not diagonalizable:

1. Find and factor the characteristic polynomial C(1) = det(A — Al).

2. Let A4, ..., 4, denote the n-roots of C(4) (repeated according to multiplicity). If any of the eigenvalues 4; are
not real, then A is not diagonalizable over R.

3. Find a basis for the eigenspace of each 4; by finding a basis for the nullspace of A — ;1.

4. If g;. < ay, forany 4;, then A is not diagonalizable. Otherwise, form a basis {51, ,Gn} for R” of
eigenvectors of A by combining the eigenvectors in the bases for each eigenspace of A. Let
P=[3; -« 9] Then,

P1AP = diag(i1, ... 1 An)
where 4; is an eigenvalue corresponding to the eigenvector ¥;for 1 < i < n.

In This Lecture

¢ We will show several examples of this.

Diagonalization Examples

Example 1
5 8 16
LetA=| 4 1 8 | Diagonalize A or show that A is not diagonalizable.
-4 -4 -11
Solution
We have
5-1 8 16
C(l) =detA—A)=| 4 1-2 8
-4 -4 -11-2
S5—14 8 16
= 0 -3-1 -3-1
-4 —4 —-11-2
5-2 8 8
=| 0 -3-1 0
—4 —4 -T71-2
=—A+3)[A+T(2-3)+32]
=—(A+3)(A2+21-3)
=—(A1- 1A +3)?
Hence, the eigenvalues are 1; = 1 with algebraic multiplicity 1 and 1, = —3 with algebraic multiplicity 2.
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Diagonalization Examples

Example 1
5 8 16

LetA=| 4 1 8 | Diagonalize A or show that A is not diagonalizable.
-4 -4 -11

Solution

By theorem 6.2.3, we know that 1 < g; < a;,.
But,a;, = 1,thus g; =1
Again by theorem 6.2.3, we know that 1 < g; < a;,. Since a;, = 2we couldhave g; = lorg;, =2.

Diagonalization Examples

Example 1
5 8 16

LetA=| 4 1 8 | Diagonalize A or show that A is not diagonalizable.
-4 -4 -11

Solution

For A, = —3 we get,

8 8 16] [1 1 2
A-RI=|4 4 8|~|0 0 0
-4 -4 -8] 0o 0 0

Thus, a vector equation of the solution space for (A — 1LI)x = Ois

-1 -2
§=12 1 [+x3) 0| xmx3€ER
0 1
-1711-2
So, a basis for the eigenspace E;, of 4, is 1] 0 |p
0 1

Hence, the geometric multiplicity of 2> is also 2.
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Diagonalization Examples

Example 1

5 8 16

LetA=| 4 1 8 | Diagonalize A or show that A is not diagonalizable.
-4 -4 -11

Solution

For A; = 1 we get,

4 8 16 1 0 2
A-M4I=|4 0 8§ [~|0 1 1
-4 -4 -12 0 0 0

Thus, a vector equation for the solution space of (A — A11)X = Ois

-2
£=X3 -1 y IgeR
1

-2
Thus, a basis for the eigenspace E;, of 2, is {[ -1 ]}
1

Diagonalization Examples

Example 1
J

5 8 16
LetA = [ 4 1 8 ] Diagonalize A or show that A is not diagonalizable.
-4 -4 -11

Solution

-11[-21[-2
We form the basis B = 1 L] 0 |.f—1]1p
0 1 1

-1 -2 -2
Consequently, if we take P = [ 1 0 -1 } then we get
0 1 1

-3 0 0
PYAP = diag(ia, 12, 41) = 0 -3 0

0 0 1
-2 -1 =2
Note that we could have also taken: P =| -1 1 0 | which would have given us
1 0 1

1 0 0
P7IAP = diag(i1, 2, 22) =[0 -3 0
0 0 -3
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Diagonalization Examples

Example 2

2 1 1
LetB = [ 2 1 =2 :| Diagonalize B or show that B is not diagonalizable.
-1 0 =2

Solution

The characteristic polynomial is

c)

3-2 1 1
0 1-2 -2
-3-12 0 -2-2

B-DA-DEA+2) -2 +3)(=2-(1-2)

A= +21=-D—-(+3)1-3)
-3 +22+1]=-(+1*1-3)

Hence the eigenvalues are 1; = —1 and 4> = 3 with algebraic multiplicities 2 and 1 respectively.

Diagonalization Examples

Example 2

2 1 1
LetB = [ 2 1 =2 ] Diagonalize B or show that B is not diagonalizable.
-1 0 -2

Solution

For 4; = —1 we have

3 1 1 1 0 1
B-MI=|2 2 =2|~|0 1 =2
-1 0 -1 0 0 0

1
-1

Hence, a basis for the eigenspace of 4; is 2 |y
1

Thus, we get that
gy =1<2=ay

Consequently, B is not diagonalizable by the Diagonalization Theorem.
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Diagonalization Examples

Example 3
LetC = [_01 (1)] . Diagonalize C or show that C is not diagonalizable.
Solution

The characteristic polynomial is

A1
1 -4

Therefore, the eigenvalues of C are not real, so C is not diagonalizable over R.

C) = =+1

Diagonalization Examples

Example 4

3 3 -1
LetA = [—2 -1 0 ] Diagonalize A or show that A is not diagonalizable.

4 5 2
Solution
We have
3-12 3 -1
cr = -2 -1-2 0
-4 =5 2-1
3 -1 2213 -4 -1
= (=2)(=1)2+ —1 = 2)(—=1)2+2
= o 5 T e cr-acPr T

=(=(-D)(=32+ 1)+ (=1 =) -51+2)
=—61+2-22+42+32-2
=2 +42 -3
=-1-3)(2-1)
Thus, the eigenvalues of Aare 21 =0, 4, = 3,and 13 = 1.
We see that the algebraic multiplicity of each eigenvalue is 1, hence by Corollary 6.3.4, A is diagonalizable.
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Diagonalization Examples

Example 4

3 3 -1
LetA = [—2 -1 0 ] Diagonalize A or show that A is not diagonalizable.
-4 -5 2

Solution

For A; = 0, we have

p—t

3 3 -1 1 0 13
A-MI=|-2 -1 0 |~|0 -2/3

-4 -5 2
-1
Hence, a basis for E;, is 2 .
3

For A2 = 3, we have

-2
Hence, a basis for E;, is {[ 1 }}
3

Diagonalization Examples

—t

0 3 -1 10 23
A-iI=(-2 -4 o |~]|0 -1/3
-4 -5 -1

Example 4

3 3 -1
LetA = [—2 -1 0 ] Diagonalize A or show that A is not diagonalizable.
-4 -5 2

Solution

For A3 = 1, we have

0 3 -1 1 0 1
A-il={-2 -4 0 |~|0 1 -1
-4 -5 -1 00 O

-1
Hence, a basis for E;, is {[ 1 ]}
1

-1 -2 -1
Thus, the matrix P = [ 2 1 1 ] diagonalizes A to
3 3 1

0 0 0
P~1AP = diag(0,3,1)=|0 3 0
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Diagonalization Examples

Example 5

1 2 3
LetB = [0 1 1 ] Diagonalize B or show that B is not diagonalizable.
0 0 1

Solution

We have

—4 2 3
0 1-2 1
0 0 1-4

3

C) = =(1-P=-G-17°

Hence, 4; = 1 is an eigenvalue with a;, = 3.
We have

1
Hence, a basis for E;, is {[O ]}
0

Consequently, g;, = 1 < a;,, so B is not diagonalizable.
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