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Powers of Matrices

In This Lecture

o We will look at a simple application of diagonalization.

Powers of Matrices

Let A be an n X n matrix.

We define
A% = A4)
AP = AxAxA=A%A)
ARl = A%p for any positive integer k

-1 4
How can we calculate large powers of A by hand?

Consider A = [ I 2].

If D = diag(2,3) = [(2) g] , then

09
0 8 0
DB:DD‘[O 27]
16 0
4 3p =
D DD‘[O 81]
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Powers of Matrices
Lemma 6.4.1

If D = diag(d,, ... ,d,), then D™ = diag(dy’, ... ,d)") for any positive integer m.

Proof

If m = 1, the result is clearly true. Assume the result is true for m = k.
Then,

D¥! = D*D = diag(df, ... ,d¥) diag(dy, ... , d,) = diag(dF, ... ,d**")

as required. []

Powers of Matrices
Theorem 6.4.2

If there exists an invertible matrix P such that P~'AP = D is diagonal, then
A™ = ppmpP!
for any positive integer m.

Proof

We first observe that if P~ AP = D, then we can multiply on the left by P and on the right by P~* to get

A=PDP!.
If m = 1, then we have A’ = PD'P~! as required.
Assume the result is true for some m = k. That is, assume that A¥ = pDFpt.
Then,
Ak+1 — flkA

= (PD*P~')(PDP!)

= PD*(P~'P)DP-!

= PD*IDP!

— PDk"'lP'l
by Lemma 6.4.1. ]
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Powers of Matrices
Example 1

_ 1 2 . 1000
LetA = [_1 4].FlndA .

Solution
We first diagonalize A. We have

C(2) = det(A — AI) = | 1_‘1’1 2

—12_35 () — _
4_2|_,1 50+6=(1-2)2-3)

Thus, the eigenvalues of A are 2; =2 and 4, = 3.

-1 211 -2
A "‘1_[—1 2] [o o]

For A; = 2 we get

Hence, a basis for E;, is { [%] }

For A3 = 3 we get

Hence, a basis for E;, is { [ i] }

o [-2 2] [t -1
‘4_"21_[—1 1]”[0 0]

Powers of Matrices
Example 1

A 1 2 N 1000
LetA—[_1 4].FmdA .

Solution
) 2 1 .
Therefore, taking P = 11 gives
P'AP=D

0 3
Thus, by Theorem 6.4.2 we get that
AIOOO — PDIOOOP-I

|2 1]f2re o 1 -1

[0 sl 7]
Q1001 31000 1 -1

[ 3L 2]

21001 _ 31000 _21001 +2. 31000
= [21000 _ 31000 _21000 +2. 31000

where D = [2 0],
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Powers of Matrices

Example 2

2 2 2
letB=|2 2 2| Calculate B'®.

2 2 2
Solution
We first diagonalize B. We have
2-2 2 2
CA)y=detB-2)=| 2 2-41 2
2 2 2-1
2-4 0 2
=| 2 -4 2
2 A 2-3
2-4 0 2
=| 2 -4 2
4 0 4-4
= —A(4? - 64)
=-(-6)

Thus, the eigenvalues are 4; = 0 and 4, = 6.

Powers of Matrices

Example 2

2 2 2
letB=|2 2 2| Calculate B'®.
2 2 2

Solution

For A; = 0 we get

-1 -1
Thus, a basis for E;, is {[ 1 ][ 0 ]}
0 1

For 1, = 6 we get
-4 2 2 1 0 -1
B—i=|2 -4 2 |~{0 1 -1

2 2 -4 0 0 0
1
Hence, a basis for E;, is 5| 1 |-
1
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Powers of Matrices

Example 2
2 2 2
letB=|2 2 2| Calculate B'®.
2 2 2
Solution
-1 -1 1 0 0 0
Therefore, we have P =| 1 0 1landD={0 0 O]
0 1 1 0 0 6

So, by Theorem 6.4.2 we get that

-1 -1 10 0 o-1/3 23 -1/3
B‘°°=PD1°°P'1=[1 0 1][0 0 0][—1/3 -1/3 2/3]
o 1 1Jlo o 6Jl13z w3 13
-1 -1 1 0 0 0
=[1 0 1}[ 0 0 0 }
0 1 1]69%3 g10/3 ¢10/3
11 1
=2-699|1 1 1}
11 1
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