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Spanning and Linear Independence

Previously

* We have looked at vector spaces and subspaces of vector spaces.

In This Lecture

* We extend the definitions of spanning and linear independence to general vector spaces.

Spanning

Definition: Let B = {7, ...,7¥;} be a set of vectors in a vector space V. The span of B is defined by

Span B = {61;1 + e+ oV | Cpyennacy € R}
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Spanning

Example 1

_ 2 3 1 2 3 4 o122
LetB—{[1 2],[_1 2],[1 _1]}.Determ|ne|fA_[6 3]|smSpanI3.

Solution

We need to determine if there exists ¢4, ¢, ¢a € R such that

2 2 —e 2 3 te 1 2 ie 3 4|_ 2¢;+ ¢34+ 3¢5 3¢y + 20 +4es
6 3 Hp 2] 7= 2 1 -1 ci—cates 2e1+2c—c3

Comparing entries we get the system of linear equations

2c1+cr+3c3=2
3c1+2c0+4c3 =2

c1—cr+c3i=6
201 +2c0—c3=3

Spanning

Example 1

_J12 3 1 2| (3 4 202
LetB—{[1 2],[_1 2],[1 _1]}.DetermmelfA—[6 3]|smSpanl3.

Solution

Row reducing the corresponding augmented matrix gives

2 1 312 1 0 0] 4
32 412|101 0|3
1 -1 1|6 0 0 1]-1
2 2 -1|3 0 0 0] O

Therefore, the system is consistent and so A € Span 5.

EEI R PR B R B

In particular, we have
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Spanning

Example 2

Prove that the subspace S = {a + bx + cx? € P,(R) | a + b = ¢} of P,(R) is spanned by B8 = {1 + x2,1 —x}.

Solution

Letp(x) € S. Then, we have that p(x) = a + bx + cx?wherea+b =c.
Hence, we can write p(x) = a + bx + (a + b)x%.
To show Span B = S we technically need to show that Span 8 C S and $ C Span 5.

However, it is easy that every vector in 13 belongs to S and therefore since S is closed under linear combinations

SpanB C S.

Spanning

Example 2

Prove that the subspace S = {a + bx + cx? € P,(R) | a + b = ¢} of P,(R) is spanned by B8 = {1 + x2,1 —x}.

Solution

Letp(x) € S. Then, we have that p(x) = a + bx + cx?> wherea + b = c.
Hence, we can write p(x) = a + bx + (a + b)x?.
Consider
a+bx+(a+bx?=ci(1+x3)+cy(l —x) = (c1 + ¢c2) — c2x + 132

Comparing coefficients of like powers of x we get the system

cittecr=a
-2 =b
ci=a+b
We see that the system has solution ¢; = a + band ¢; = —b.

Therefore, we have that
a+bx+(a+bx’=@+b)(l+x5)—b(1-x)
Consequently, S = Span B.

(€Y
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Spanning
Theorem 4.1.3
If {¥1, ...,V } is a set of vectors in a vector space V, then Span{¥;, ..., ¥ } is a subspace of V.
Theorem 4.1.4
Let {¥;, ..., 7} be a set of vectors in a vector space V. If ¥; € Span{¥;, ... ,¥;_;, Vi1, ..., ¥}, then
Spa.n{?,, ,_\35_1,;“_1, ,_\;k} = Spa.n{i?l, !;k}
Linear Independence
Definition: Let B = {7, ..., ¥} be a set of vectors in a vector space V_ If

CiVy F e+ Ty = 6
has a solution such that some ¢; # 0, then B is said to be linearly dependent. If the only solution is
¢; = --- = ¢; = 0, then B is said to be linearly independent.
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Linear Independence

Example 1

Determine if the set {1 + x — 2x2,1 — 2x + x2, =2 + x + x2} in P»(R) is linearly independent or linearly dependent.

Solution

Consider
O=ci(l+x—-2)+ (1 —2x+xH) +c3(-2 +x+x2)
0+0x+0x2 = (¢ +c3 —2¢3) + (c1 — 263 + c3)x + (=2¢1 + ¢3 + c3)x?
Comparing like powers of x we get the homogeneous system

c1+c2—203=0
c1—2c0+c¢c3=0
—2c1+c2+ec3=0

Row reducing the corresponding coefficient matrix gives

1 1 -2 1 0 -1
1 -2 1 |~10 1 -1
-2 1 1 00 O

Thus, the system has infinitely many solutions and so the system is linearly dependent.

Linear Independence

Example 2
L 1 =202 =5 (3 1 . - . )
Determine if the set 3 11'le 4l']1 -4 in M,,»(R) is linearly independent or linearly dependent.
Solution
Consider

0 0 —c 1 -2 ‘e 2 =5 ‘e 3 1| _ |eaa+20+3c3 —2c1—-5c2+c3
0 ol 3 1 2l 4 1 -4 T [3c1+ 62+ e +4er —des

Comparing entries we get the homogeneous system

¢c1+2c;+3¢c3=0
—2(:1 —5(.‘2 +c¢3 =0
3¢i +6c;+¢c3=0
ci+4c; —4c3 =0

Row reducing the corresponding coefficient matrix gives

1 2 3 1 00
-2 =5 1 (_|0 1 0
3 6 1 0 0 1
1 4 -4 0 0 O
Hence, the only solutionis ¢; = ¢2 = ¢3 = 0.
Thus, the set is linearly independent.
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Linear Independence

Theorem 4.1.5

A set of vectors {¥;,...,¥;} in a vector space V is linearly dependent if and only if

V; € Span{¥y, ..., ¥;_1,¥ipq, ..., V) forsome i, 1 <i <k

Theorem 4.1.6

Any set of vectors {¥;, ..., ¥} in a vector space ¥ which contains the zero vector is linearly dependent.
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