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Systems of Linear Equations

Definition: An equation in n variables x, ... , x, that can be written in the form

arxy + -t agxn =5
where ay, ... , @, b are constants is called a linear equation. The constants a; are called the coefficients of the
equation and b is called the right-hand side.

The form aixy + --- + a,x, = b is called the standard form of the linear equation.

Systems of Linear Equations

Definition: A set of m linear equations in the same variables x,, ..., x, is called a system of m linear equations in
n variables.

A geﬂerﬂl system of m linear equatioﬂs in n variables has the form
apx; +apx + - +apx, =b
ay X +anx; + -+ awx, =by

A1 X) + QpoXy + o+ QpXy = by

Observe that the coefficient ajj represents the coefficient of Xx; in the i-th equation.

51
Definition: A solution to a system of linear equations m in n variables is a vector| : |in R" such that all m
8p
equations are satisfied when we set x; = s1, x2 = 52, ..., x» = s,. The set of all solutions of a system of linear
equations is called the solution set of the system.

Definition: If a system of linear equations has at least one solution, then it is said to be consistent. Otherwise, it
is said to be inconsistent.
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Geometric Interpretation

Example 1
The system of 2 linear equations in 2 variables
x4+ 3x=4
2x1 =510 ==-2
graphically represents two lines in R2.
xz
~
x1+3x2= 4 2x,-5x,= -2
2__
1__
—t / : : : > X,
- -1 0 1 2 3
14
A 4

We see that both lines intersect only at the point (14/11, 10/11).

Hence, the system is consistent with unique solution i= [2] = [ 141 1] .

10/11

Geometric Interpretation

Example 2

The system of 3 linear equations in 3 variables

X+2xmn—3Ixn=4
8xi—m+2x=0
—x1— 2o+ 3x=1

graphically represents three planes in R3.

We see that there is no point that lies on all three planes so the system is inconsistent.
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Solutions of Systems

The solution set for a system of 3 linear equations in 3 variables can be

Inconsistent

Solutions of Systems

The solution set for a system of 3 linear equations in 3 variables can be

Consistent With A Unique Solution
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Solutions of Systems

Consistent With Infinitely Many Solutions

Solutions of Systems

Theorem 2.1.1

If the system of linear equations

The solution set for a system of 3 linear equations in 3 variables can be

anx +anxz + o+ axs = by
anx) +anxy + -+ amxa = by
1 X) + GpoXy + o + A, = by
81 n
has two distinct solutions § = and? =| : | then¥ =5 + c(F — 1) is a distinct solution for each ¢ € R.
Sn 7
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Solutions of Systems

If the system of linear equations To prove this theorem we need to prove
anx) +apxy + o+ @y = by 1.Foranyc € R,X =5 + c(F — 1) is a solution.
anx; +ani + -+ Gk = by 2. For every distinct value of ¢ we get a unique solution.
A1 X1+ Apa Xz + 0+ Ankn = b Proof

5
has two distinct solutionss = | . |and The i-th equation of the system is
Fn @i Xy + o QX = by
. |n L. . Substituting
= ,then X =5 + c(5 — 1) is a distinct
Xy §1 +ols; — 1)
I . .

solution for each ¢ € R. i |[=84cF-1)= :

Xn Sp +els, — 1)

into the i-th equation gives
ait (51 +c(s1 — 1)) + = + @in (8n + (50 — 1)) = b
a;181 + cai1 5] — cainty + -+ + QinSp + CAinSn — Cainty = b;
ans1 + =+ + QinSn + (@1 S1 + + + AinSa) = c(anty + - + ainty) = by
b; +chb; —ch; = b;
b,' = .b','
So, the i-th equation is satisfied when ¥ = § + ¢ — 7).
Since this is valid for all 1 < i < m, we have shown that ¥ = § + ¢(§ — 7) is a solution for each ¢ € R.

Solutions of Systems

If the system of linear equations To prove this theorem we need to prove
anx +axy + o+ Qe = by 1.Foranyc € R,X =5 + ¢(5 — 1) is a solution.
anx; +ani + o+ Gk = by 2. For every distinct value of ¢ we get a unique solution.
A1 X1 + @paXa + 0 + ApnXn = by Proof
5
has two distinct solutions 5 = : |and Let ¢y, c; € R with ¢, # ¢, and assume that
Sn S+aG-D=5+aE -1
. h o ~ This gives
i= ,R , then X = 5 + cs — 1) is a distinct §+cj(}'—:t:) =§+c;(§4’—?)
aF-t)=a@E-1)

solution for each ¢ € R. c
(c1 —e)E-1)=0

Since ¢; # ¢, this implies that3 — 7 = 0 and hence = 7.
But this contradicts our assumption that 5 # 7. [J

This proves that the solution set of a system of m linear equations in n variables must either be empty, contain

exactly one vector, or have infinitely many vectors in it.
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Solving Systems

If one analyzes the method of solving a system of linear equations by substitution and elimination (see the course
notes) one notices a few things.

1. In each step we obtain a new system of linear eguations which has the same solution set as the original.

2. Itis only the coefficients of the variables that we modify, so we don't actually need to write down the variables each

time.
3. We only use two operations: we multiply an equation by a non-zero constant, and we add a multiple of one equation

to another.

Matrix Representation of a System

Definition: Two systems of linear equations which have the same solution set are said to be equivalent.

Definition: For a system of linear equations
anx) +apx 4 apx, =b
anx) +anxz + - + dpxn = bz

A1 X1 + GpaX2 + =+ + GunXn = bm

the coefficient matrix is defined to be the rectangular array

an  aiz v G
az axp e
ml  Gmz v G
The augmented matrix of the system is
an an - aw | b
ay ap - am | b
Gml Gmz  ** Gun | Dm

It is important to note that

1. The i-th row of the coefficient matrix contains the coefficients from the i-th equation in the system.
2. The j-th column of the cofficient matrix contains all the coefficients of x; in the systern.
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Matrix Representation of a System

Example
Consider the system of 4 equations in 3 unknowns
3xy — 2xp =4
xi+x—8xa=16
‘\/2_11 - 4X3 =0
x + Z.‘Q —x3=-3
3 -2 0
The coefficient matrix of the system is ) 1 -8
Y VI 0 —4f
1 /4 -1

The augmented matrix of the system is —

Matrix Representation of a System

Notice that we can write any system of linear equations

ayxy + appxy + - + ko = by
az1X) + aXxz + 0 + donXn = by

A1 X) + QaXn + o0 + GpXy, = by

as a vector equation

ai din by
E31 T e B el B
m mn bm
ai
The columns of the coefficient matrix of the system are the vectors d; = | . |forl <i<n.
Ami
Thus, we can denote the coefficient matrix of the system by A = [@; - &, ].
by
liweleth =| : |, then we can denote the augmented matrix of the system by [ @ a. | B ] or
b
sometimes simply as [A | b].
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Matrix Representation of a System

Example
We may write the system of 4 equations in 3 unknowns
3xy — 2xp =4
xi+x—8xa=16
V‘Q__'ﬁ - 4)C3 = 0
X1+ Zx} —x3=-3
as [ 4. G as | b ] where
3 -2 0 4
a=| 2 am=| L] a@m=|8| B=|®
R RV o R 0
1 1/4 -1 -3
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