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The Identity Matrix and Block Multiplication

Last Lecture

» We defined matrix-matrix multiplication.

In This Lecture

» We will look at the multiplicative identity.

* We will look at how matrix-matrix multiplication can be split into smaller blocks.

The Identity Matrix

We want to find the multiplicative identity of matrix-matrix multiplication.
That is, we want to find a matrix [ such that Al = A = JA.

Let A be an m X »n matrix.

For AI = A to be possible, I must be an n X n matrix.

On the other hand, if TA = A, then I must be m X m.

Hence, M,,.,(R) does not have a multiplicative identity whenever m # n.
So, we now just try to find the multiplicative identity for M,,..,,(R).
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The Identity Matrix
IfI=1[3, .. 7,]isthe multiplicative identity for M,.,(R) and A = [@; - @,] € Mu(R), then we have
A=AI=1]JA
Expanding A = AT we get
[31 aﬁ] = A[}"l ?ﬁ] = [fﬁl A}’N]
Hence, d; = Aijfor1 <j<n
Recall that the j-th standard basis vector 'éj satisfies a; = A'é_;.— forl < j<n

Hence, taking I = [El 'e',,] gives the following theorem.
Theorem 3.1.5
If7= [é’l é’n], then AT = A = JA for any n X n matrix A.

The Identity Matrix
Theorem 3.1.6

The multiplicative identity for M, (R) is unique.

Proof

Assume that I; and I, are both multiplicative identities for M,,..,(R).

Since [; is a multiplicative identity, it satisfies A = [;A for any A € M,,,,(R).
Since I, € M,,,,(R), we have that [, = I, I,

But I is also a multiplicative identity, so it satisfies Bl; = B for any B € M,,,.,(R)
Therefore I, = 11, = 1.
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The Identity Matrix

Definition: The n X n matrix I such that (I); = 1for 1 <{ < n, and (D:-_?- = 0 whenever i # j is called the identity
matrix.

We sometimes will denote the identity matrix as I, to stress the size of the matrix.

Example

The 2 x 2 identity matrix is
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The 4 % 4 identity matrix is
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Block Matrices

We now look at subdividing a matrix into different sized submatrices called blocks.

Definition: If A is an m X n matrix, then we can write A as the k x # block matrix
A - Ay
A= .. :
Ag - A
where Ay is a block such that all blocks in the i-th row have the same number of rows and all blocks in the j-th
column have the same number of columns.
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Block Matrices

Example

Block Matrices

Example

LetA=
301 2

We can write A as

where Ay = [1 —1],4p =

1 -113 4
o 0|0 Of.
0

A Ap
4= [_421 A;«]

0 0 0 0
[3 4],Azl=[0 3},amcmn=[l 2].
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Block Matrices

Example
1 (-1 3|4
LetA= |0 |0 0|0
013 1|2

We can write A as

A= 2
|:A21 Ay

where Ay = [1 —1],4p =3 4],."13]_=|:g g},andAn= [? g]
Or, we could write A as

A A A
A=
[-‘121 Axn A?3]

whereA11 = |:{]j:|’A12 = |:_01 g:|,.413 = [g]iﬂ.n = [0],A;3 = [3 1],&“(‘:133 = [2]

Block Multiplication

We actually defined matrix-matrix multiplication in terms of blocks.

We wrote the second matrix B as block matrix B = [B; --- B, ] where each block is a column of B and we wrote the
first matrix A as a single block.

We then got AB = [AB, --- AB,].

Example

A Ap By Bz B
IfA = and B = then
[321 Ay By Bn Bxn|

AB — [-411311 +A12By1 AnBia+ApBn AnbBis +A12313]

AnBi +AnBy AnBip +ApBn  AnBi +AnByn

assuming that we have divided A and B into blocks such that all of the required products of the blocks is defined.
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